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Abstract

Recently several results appeared that show signifi-
cant reduction in time for matrix multiplication, singular
value decomposition as well as linear (`2) regression,
all based on data dependent random sampling. Our key
idea is that low dimensional embeddings can be used to
eliminate data dependence and provide more versatile,
linear time pass efficient matrix computation. Our main
contribution is summarized as follows.

• Independent of the recent results of Har-Peled and
of Deshpande and Vempala, one of the first – and
to the best of our knowledge the most efficient –
relative-error (1 + ε) ‖A−Ak‖F approximation
algorithms for the singular value decomposition of
an m × n matrix A with M non-zero entries that
requires2 passes over the data and runs in time

O
((

M k
ε + (n + m)k2

ε2

)
log 1

δ

)
.

• The firsto(nd2) time(1 + ε) relative-error approx-
imation algorithm forn× d linear (̀ 2) regression.

• A matrix multiplication algorithm that easily ap-
plies to implicitly given matrices.

1. Introduction

This paper develops and analyzes fast approximation
algorithms for fundamental linear algebra problems such
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as singular value decomposition (SVD), linear`2 regres-
sion and the computation of matrix products. Our mo-
tivation comes from the widespread use of these tools
in data mining [10]. Prominent applications of low-rank
matrix approximation by SVD include recommendation
systems [25], information retrieval via Latent Seman-
tic Indexing [13, 48], Kleinberg’s celebrated HITS al-
gorithm for web search [43, 2], clustering [22, 47], and
learning mixtures of distributions [42, 4] just to name a
few. Classification can be solved by regularized regres-
sion [29] and text database querying by matrix-vector
products [15].

While polynomial, all the three matrix operations
mentioned above are computationally intensive when
performed exactly. For example dense SVD methods
requireO(m2n) time andO(mn) space on anm × n,
m ≤ n, matrix [36], both of which are prohibitively
large even for moderate size data sets arising in current
applications. Even for sparse data it is often the case that
the input far exceeds the main memory and hence we
generally restrict ourselves to the pass efficient “stream-
ing” model of computation [38]. Here access to the in-
put is limited to a constant number of sequential scans
and RAM usage depends sublinearly on input size. Also
note that sparse iterative SVD methods [36] alone are
not suitable for streaming computation as their conver-
gence speed is unknown a priori and thus generally they
require too many passes over the input. Similarly, ap-
proximate SVD schemes based on the Lánczos or power
method requireΩ(log m) passes [44, 37].

Recently a large number of results appeared that
prove bounds for non-uniform sampling to speed up ap-
proximate matrix operations [35, 48, 3, 23, 28, 24, 26,
49, 20]. These results provide error guarantees that de-
pend on the Frobenius norm of the input matrices and
hence may incur a large additive term. An exception
among sampling based techniques is the sequel of re-



sults of Drineas et al. [29, 30, 31], Har-Peled [37], and
Deshpande et al. [20, 21]. In the case of regression
and singular value decomposition by using very special
distributions for sampling they show that there exists a
small subset of the input which contains a relative-error
approximation. However, [29, 30, 31] give no advice
for implementing the sampling procedure any faster than
solving the original problem.

Low distortion embeddings also called “sketches” are
known to outperform sampling in certain applications
[14, 50]. Our key techniques to improve previous algo-
rithms for singular value decomposition,`2 regression
and matrix multiplication are Johnson-Lindenstrauss
type embeddings [41]. Ironically, one of the first ap-
proximate singular value decomposition algorithms [48]
was also embedding-based.

Our central result is a relative-error SVD algorithm
(Theorem 14). Extending the work of [30, 35, 20] we
show that if we formO(k/ε) random linear combi-
nations from the rows ofA ∈ R

m×n, then the best
rank-k approximation within the row space generated
by the random projection achieves relative-error(1 +
ε) ‖A−Ak‖F with constant probability. By repeating
the procedure and choosing the best approximation we
obtain the same error bound with high probability. The
algorithm requires two passes over the data and runs in
time O((Mk/ε + (n + m)k2/ε2) log(1/δ)). Indepen-
dently of our work Har-Peled [37], and Deshpande and
Vempala [21] also proved similar results. However, our
procedure is faster in termsk than the more efficient of
those, [21] that necessitatesΘ(k log k) passes.

We also present the firsto(nd2) time (1 + ε)-
approximation algorithm for̀2 regression with coeffi-
cient matrixA ∈ R

n×d, n ≥ d = ω(log n), by replac-
ing sampling in [29] with embeddings (Theorem 12).
We offer novel analysis with improved bounds com-
pared to [29], lowering the required number of reduced
dimensions for sketches for example toO(d log d/ε)
that matches to the enhanced bound of [30] for sam-
pling. Plugging in the fast Johnson-Lindenstrauss trans-
form of Ailon and Chazelle [5] allows us to obtain an
O(nd log n) time algorithm forε down toω((d log d(d+
log2 n)/(n log n)).

As the simplest applications of our technique we
derive algorithms for approximating matrix products
whose time and space usage and error bound match
to that of the column-row sampling based method [23]
(Theorem 9). Unlike [23] our algorithms extend un-
changed to approximating chain products and most im-
portantly come with much stronger element-wise error
bounds and work for approximating products ofun-

knownmatrices. Thè2 regression and SVD results are
based on precisely these properties. En route we also use
embeddings to estimate the Frobenius norm of implic-
itly formed matrices akin to Freivalds’ technique [34]
(Lemma 8).1 This estimate then can be used as a black
box tool to boost the probability of correctness.

The rest of the paper is organized as follows. After
describing related results and basic facts about embed-
dings we give approximate matrix product and approx-
imate error testing algorithms in Section 2. Based on
these in Section 3 we give our new linear (`2) regression
results. These results are used finally in Section 4 in our
SVD algorithm.

1.1. Comparison with previous results

Except for [48, 46], to the best of our knowledge, all
prior work on speeding up matrix operations is based on
sampling. Cohen and Lewis set up random walks to ap-
proximate non-negative matrix products [15]. In their
ground-breaking paper Frieze, Kannan, and Vempala
[35] showed that given matrixA, through non-uniform
sampling it is possible to select aO(poly(k, ε−1)) sized
submatrixC of A such that i) with the help ofC the de-
scription of a rankk matrixÂk can be computed in con-
stant time and ii)‖A− Âk‖F ≤ ‖A−Ak‖F + ε ‖A‖F
holds with high probability, whereAk denotes best rank-
k approximation. Subsequent research based on sam-
pling entire rows or columns with probability propor-
tional to their squared Euclidean length resulted in more
practical algorithms and refined analysis both for SVD
[28, 24, 49, 20] and approximate matrix products [23].
Other line of research is based on random sparsification
and quantization [3, 23, 8].

Although at first it may seem contradictory, approxi-
mate matrix product algorithms do not compute the final
result itself, but reduce the problem two the product of
two smaller (or sparser) matrices. If needed the latter
can be more easily multiplied with the preferred exact
method [36, 17, 16].

Returning to SVD, the best preliminary result with
respect to the Frobenius norm was derived by Desh-
pande and Vempala [21] independently of our work,
and shows that if we sampleO(k2 log k + k/ε) rows
from A in O(k log k) passes in an adaptive manner
[20], then the best rank-k approximation within the
(row)space generated by the sample achieves relative-
error (1 + ε) ‖A−Ak‖F with probability at least3/4.
That algorithm runs in timeO(M(k2 log k + k

ε ) +

1We remark that the earlier work of Ar et al. [52, 39] contains es-
sentially the same result.



(m + n)(k2 log k + k
ε )2), whereM denotes the num-

ber of non-zeroes ofA. While improving the running
time, we also reduce the number of passes to2. His-
torically the first relative-error SVD was given by Har-
Peled [37], also independent of this work. Besides run-
ning in O(log n) passes it is slower then the other two
approaches as its running rime depends on the size of
the input matrixmn instead of the number of non-zero
entriesM .

As the first of the two preliminary results for the least
squares regression problem Drineas et al. [29] proved
that if we sampler′ = poly(ε−1, d) rows from A
andb with the sampling probabilities satisfying certain
criteria, then with high probability the optimum solu-
tion of the r′-by-d downsampled problem gives anε-
approximation to the original least squares problem. The
same authors go a step further in [30] by showing that
it is possible to construct a rankO(k log k/ε2) matrix
which approximatesA to error(1 + ε) ‖A−Ak‖F and
its columns are expressible as linear combinations of a
O(k log k/ε2) sized subset of columns ofA.

The crux of all column or row sampling proofs are
the results that sampling provides good enough approxi-
mation for matrix products if the sampling probabilities
are proportional to the column and row lengths of the
matrices in question [23]. In fact uniform sampling is
insufficient as [11] shows. In [29, 30, 31] these results
are then applied to products arising from the singular
value decomposition of the input. However, as noted, it
is unknown whether the required nonuniform sampling
probabilities can be computed any faster than the time
required to solve the problem exactly.

In contrast, we observe that data independent ran-
dom projections approximate dot products well, and
hence are also capable of approximating matrix prod-
ucts within the same bounds as data dependent sam-
pling. Our improved analysis for̀2 regression directly
exploits the low distortion of dot products.

1.2. Preliminaries

Linear algebra and notation. Let column vectors
A(i) and A(i) denoteith row and column of matrix
A ∈ R

m×n. Let ‖A‖2 = max‖x‖2=1 ‖Ax‖2 and

‖A‖F =
√∑

a2
ij denote the spectral and Frobenius

norm ofA respectively. The Singular Value Decomposi-
tion (SVD) of a rankρ matrixA is given byA = UΣV T

with U ∈ R
m×ρ, Σ ∈ R

ρ×ρ andV ∈ R
n×ρ. By the

Eckart-Young theorem the best rank-k approximation of
A with respect to both the Frobenius and spectral norms
is Ak = UkΣkV T

k , whereUk ∈ R
m×k andVk ∈ R

n×k

contain the firstk columns ofU andV and the diag-
onal Σk ∈ R

k×k contains firstk entries ofΣ. For a
subspaceV ≤ R

m let πV (A) denote the matrix formed
by projecting every column ofA to V . Similarly, let
ΠW (A) stand for projecting eachrow of A to W ≤ R

n

and letΠW,k(A) denote the best rank-k approximation
of A with its rows inW , i.e. ΠW,k(A) = (ΠW (A))k.
Additionally, given matrixB let colspan(B) ≤ Rm and
rowspan(B) ≤ Rn denote the subspaces generated by
its column and rows, respectively and we use the simpli-
fied notationπB(A) for πcolspan(B)(A) andΠB,k(A)

for Πrowspan(B),k(A). Furthermore letσi(A) = Σii

denote theith singular value ofA and letσmin(A) =
Σ11 and σmax(A) = Σρρ. The condition number of
A is κ(A) = σmax(A)/σmin(A). The Moore-Penrose
generalized inverse ofA can be expressed in terms of
the SVD asA+ = V Σ−1UT . For further linear algebra
we refer the reader to [36].
Random projections. Johnson-Lindenstrauss’s
seminal paper [41] was followed by several variants
and proofs of low-distortion embeddings [33, 40, 19].
Throughout this paper we will make extensive use of
three flavors of̀ 2 → `2 embeddings (Theorems 2 &
3, and Lemma 5); we list their properties now.

Definition 1 A random matrix R ∈ R
k×n forms

a Johnson-Lindenstrauss transform with parameters
ε, δ, d, or JLT(ε, δ, d) for short, if there exists a function
f that for any0 < ε, δ < 1, positive integerd andd-
element subsetV ⊂ R

n, wherek = Ω( log d
ε2 f(δ)) with

probability at least1 − δ for all v ∈ V it holds that
(1− ε) ‖v‖22 ≤ ‖Rv‖22 ≤ (1 + ε) ‖v‖22.

Theorem 2 (The Johnson-Lindenstrauss Lemma [19, 9])
Let 0 < ε, δ < 1 andS = 1√

k
R ∈ R

k×n matrix such

that theRij ∼ N(0, 1) entries are independent standard
normal random variables. Ifk = Ω(ε−2 log d log(1/δ))
thenS is a JLT(ε, δ, d) .

For practical applications theN(0, 1) entries can be
replaced by random±1 variables [1, 9]. Recently Ailon
and Chazelle showed [5] that a significantly sparser em-
bedding matrixR suffices if inputs are preconditioned
with a randomized Fast Fourier Transform and obtained
a JLT(ε, 2/3, d) which is faster to compute.

Theorem 3 (The Fast̀ 2 → `2 Johnson–L. Transform [5])
Let S = 1√

kn
PHnD, whereD is an n × n diagonal

matrix with entries being independent uniformly ran-
dom±1, Hn denotes the Hadamard-matrix of sizen
(w.l.o.g. we assume thatn is a power of2), and the
entries of thek = O(ε−2 log d) × n matrix P are i.i.d.



N(0, q−1) with probability q, and 0 otherwise, where
N = max{n, d} andq = min{Θ(n−1 log2 N), 1}. Let
ε0 be an absolute constant. Then for anyε ≤ ε0 and
V ⊂ R

n, |V | = d, with probability at least2/3 the
following two events occur:

• For all v ∈ V it holds that(1− ε) ‖v‖22 ≤ ‖Sv‖22 ≤
(1 + ε) ‖v‖22.

• For all x ∈ R
n computingSx takesO(n log n +

ε−2 log2 N log d) time.

Now let us consider the dot product〈Su,Sv〉 for
u, v ∈ V . By the parallelogram rule it is easy to see
[9, 48] that if S distorts squared norms by factor of at
most1 ± ε and the setV contains unit length vectors
only then| 〈Su,Sv〉−〈u, v〉 | ≤ ε. If u = 0 then trivially
〈S0,Sv〉 = 〈0, v〉 = 0 for all v. If u 6= 0 andv 6= 0 then

by linearity 〈Su,Sv〉 = ‖u‖2 ‖v‖2
〈
S u

‖u‖2
,S v

‖v‖2

〉

and therefore we also have the following stronger corol-
lary, to which we will often refer to.

Corollary 4 If S is a JLT(ε, δ, d), 0 < ε ≤ 1, then for
anyV ⊂ R

n, |V | = d with probability at least1 − δ
for all u, v ∈ V it holds that〈u, v〉 − ε ‖u‖2 ‖v‖2 ≤
〈Su,Sv〉 ≤ 〈u, v〉+ ε ‖u‖2 ‖v‖2.

The last ingredient of our proofs was presented by
Alon, Matias, and Szegedy in their seminal paper [7].

Lemma 5 (Tug-of-war sketch, [7, 6]) Let 0 < ε ≤ 1

andS = εR ∈ R
ε−2×n be a random matrix such that

rows of R are independent and each row consists of
a vector of four-wise independent zero-mean{−1, +1}
random variables. Then for anyx, y ∈ R

n we have
that E (〈Sx,Sy〉) = 〈x, y〉 and Var (〈Sx,Sy〉) ≤
2ε2 ‖x‖22 ‖y‖

2
2.

2. Matrix multiplication

In this section we demonstrate the versatility of
sketches by devising pass efficient algorithms for ap-
proximating matrix products. The algorithms to be pre-
sented are based on the following simple, but powerful
observation.

Lemma 6 LetA ∈ R
m×n, B ∈ R

n×p.

• If S is a JLT(ε, δ, (m + p)), then
Pr

(∥∥AB −ASTSB
∥∥

F
≤ ε ‖A‖F ‖B‖F

)
≥ 1− δ.

• If S is ε−2 × n tug-of-war random
matrix then E

(
AST SB

)
= AB and

E

(∥∥AB −AST SB
∥∥2

F

)
≤ 2ε2 ‖A‖2F ‖B‖

2
F .

PROOF: Set ak = A(k) and bk = B(k). Note that

(AST )(i) = Sai and(SB)
(j)

= Sbj and thusYij =

(AB)ij − (AST SB)ij = 〈ai, bj〉 − 〈Sai,Sbj〉.
For the first claim letV = {a1, . . . , am, b1 . . . , bp}.

Then by Corollary 4 with probability at least1 − δ for
all i, j we have that|Yij | ≤ ε ‖ai‖2 ‖bj‖2 , and thus
∥∥AB −ASTSB

∥∥2

F
=

∑

i,j

Y 2
ij ≤

∑

i,j

ε2 ‖ai‖22 ‖bj‖22

= ε2 ‖A‖2F ‖B‖
2
F .

For the second statement observe that by Lemma
5 the expected valueE (Yij) = 0 and consequently
E

(
Y 2

ij

)
= Var (〈Sai,Sbj〉) ≤ 2ε2 ‖ai‖22 ‖bj‖22 . �

Combining the first statement of Lemma 6 with
Lemma 2 immediately gives us a one pass algorithm
which usesO(ε−2log(m + p) log(1/δ)(m + p)) space
andO(ε−2log(m + p) log(1/δ)M) time to output ma-
trices Â = AST ∈ R

m×O(ε−2log(m+p) log 1/δ) and
B̂ = SB ∈ R

O(ε−2log(m+p) log 1/δ)×p such that
Pr

(
‖AB − ÂB̂‖F ≤ ε ‖A‖F ‖B‖F

)
≥ 1 − δ, where

M denotes the number of non-zero entries inA andB
altogether. The complexity of the procedure is a factor
log(m+p) higher than that of the column-row sampling
approach [23].

Next, we remove thelog(m + p) factor by proving
the same high probability bound using the second claim
of Lemma 6. In fact, our method is more general and it
can be used to turn a large class of matrix approximation
algorithms having low error in the Frobenius norm with
constant probability to an algorithm having the same low
error with high probability.

In the case of matrix product by Lemma 6 and
Markov’s inequality we have

Fact 7 Given0 < δ < 1 let us instantiatet = log 1/δ
independent copies of the tug-of-war matrixSi. Then
Pr

(
mini=1...t

∥∥AB −AST
i SiB

∥∥
F
≤ 2ε ‖A‖F ‖B‖F

)
≥

1− δ.

However, it is non-trivial to choose the bestSi. Com-
puting

∥∥AB −AST
i SiB

∥∥2

F
exactly requires i) one full

AB matrix multiplication (which we are trying to ap-
proximate) ii) at leastΩ(mp) space/time, which is way
too high for us. To overcome this, we will apply the tug-
of-war trick once more to approximate squared Frobe-
nius norms and hence pick (almost) the bestAST

i SiB.
Similarly to Freivalds’ technique forcheckingmatrix
products our norm estimation method requires a few ex-
tra matrix-vector products only [34] and was motivated
by Lemma 4 of [18].



Lemma 8 Let C be anm × n matrix, 0 < λ < 1, and
Q a λ−2 × n tug-of-war random matrix as in Lemma
5. DefineX =

∥∥CQT
∥∥2

F
. ThenE (X) = ‖C‖2F and

Var (X) ≤ 2λ2 ‖C‖4F .

PROOF: We proceed similarly to Lemma 6. LetQ =
λR andri denote theith row of the unscaled tug-of-war
matrixR. SetYi = ‖Cri‖22 andcj = C(j). Observe that
∥∥CQT

∥∥2

F
=

∑1/λ2

i=1 λ2 ‖Cri‖22 and hence it is enough

to show thatE (Yi) = ‖C‖2F andVar (Yi) ≤ 2 ‖C‖4F
hold. Using Lemma 5

E

(
‖Cri‖22

)
= E

(∑

j

〈cj , ri〉2
)

=
∑

j

E

(
〈cj , ri〉2

)

=
∑

j

〈cj , cj〉 = ‖C‖2F .

By the Cauchy-Schwartz inequality andVar (X) =
E

(
X2

)
− E

2 (X) it follows from Lemma 5 that for ar-
bitrary vectorsx, y we have thatE

(
(〈x, ri〉 〈y, ri〉)2

)
≤

3 ‖x‖22 ‖y‖
2
2. Hence

E
(
Y 2

i

)
= E

(( ∑

j

〈cj , ri〉2
)2

)

=
∑

j,k

E

(
(〈cj , ri〉 〈ck, ri〉)2

)

≤ 3
∑

j,k

‖cj‖22 ‖ck‖22 = 3
(
‖C‖2F

)2

= 3 ‖C‖4F .

ThusVar (Yi) = E
(
Y 2

i

)
−E

2 (Yi) ≤ 2 ‖C‖4F . �

Observing that the test outlined above trivially ex-
tends to multivariate matrix polynomials, we are ready
to present our algorithm.

Theorem 9 For Algorithm 1 we have that
Pr

(∥∥AB −AST
i∗Si∗B

∥∥
F
≤
√

12ε ‖A‖F ‖B‖F
)

≥
1 − 2δ and E

(
AB −AST

i∗Si∗B
)

= 0. If M de-
notes the total number of non-zeroes inA and B
then the algorithm runs in at most two passes in
O

(
(m + M)

(
ε−2log 1/δ + (log 1/δ)2

))
time and uses

O
(
(m + n + p)

(
ε−2log 1/δ + (log 1/δ)2

))
space and

requires at most two passes over the data.

With Lemmas 6 and 8 at hand the proof is a rou-
tine application of Chebyshev’s inequality and hence it
is omitted. Comparing Algorithm 1 to column-row
sampling [23] we observe that their proven bounds are
equivalent, but the embedding based Algorithm 1 ex-
tends to multiple term matrix products unmodified un-
like column-row sampling. We defer further discussion
to the full version of this paper.

Algorithm 1 Approximate product ofA ∈ R
m×n and

B ∈ R
n×p matrices by tug-of-war sketches

1: for i = 1, . . . , log 1/δ do
2: Pick Si ∈ R

1/ε2×n random tug-of-war matrices as in
Lemma 5.

3: for i = 1, . . . , log 1/δ, j = 1, . . . , 2(log 1/δ +
log log 1/δ) do

4: Pick Qi,j ∈ R
16×p random tug-of-war matrices as in

Lemma 5.
5: ComputeSiB, AST

i .
6: ComputeBQT

i,j and thenXi,j = A(BQT
i,j).

7: Compute(SiB)QT
i,j and thenbXi,j = (AST

i )(SiBQT
i,j).

8: Let yi,j = ‖Xi,j − bXi,j‖
2

F .
9: Let zi = medianjyi,j .

10: Choosei∗ with minimal zi.

3. The`2 regression

In this section we present an approximation algo-
rithm for the least squares regression problem, i.e. given
an n-by-d, n > d, matrix A of reals and ad dimen-
sional real vectorb we wish to obtainxopt = A+b min-
imizing ‖Ax− b‖2. Recall that the preliminary results
proven by Drineas et al. [29, 30] show that if we sample
r′ = poly(ε−1, d) rows from A and b with the sam-
pling probabilities satisfying certain criteria, then with
high probability the optimum solution of ther′-by-d
downsampled problem gives anε-approximation to the
original least squares problem. However, it is unknown
whether the required nonuniform sampling probabilities
can be computed any faster than theO(nd2) time re-
quired to solve the problem exactly.

Firstly, we observe that all the claims and proofs of
[29] carry through unmodified if we project the input by
forming r = O(r′) random linear combinations ofA
andb’s rows as sketches provide good enough approx-
imation for matrix products (details are omitted). Sec-
ondly, we independently analyze the random projection
based method and significantly lower the bounds for the
required reduced dimensionr for all the main statements
of [29], i.e. we improve it fromr′ = O(d2/ε4) to r =
O(ε−2), from r′ = O(d2/ε2) to r = O(ε−1d log d),
and fromr′ = O(d2/ε2) to r = O(ε−2d log d). These
bounds for sketching are on par even with those ob-
tainable by a more careful reading of the recent en-
hanced sampling proofs in [30]. Thirdly, plugging in
the Fast Johnson-Lindenstrauss Transform (FJLT, The-
orem 3) for the random projection allows us to obtain
an O(nd log n) time algorithm. We remark that for
d = O(log n) the exact solution is efficient itself. In
what follows we state the input parametersε̃ and d̃ of



the (F)JLT implicitly asr = Ω(ε̃−2 · log d̃) for easier
comparison with [29]

The Johnson-Lindenstrauss Lemma states thatk vec-
tors fromR

m can be embedded intoO(log(k)/ε2) di-
mensions such that the length of each vector is preserved
up to a1+ε factor (see Section 1.2). It is easy to see that
given ak dimensional subspaceV , embedding it into
O(k2 log(k)/ε2) dimensions preserves the length of all
vectors fromV . However, it follows from a lemma of
Feige and Ofek [32] based on putting a grid on the unit
sphere that mereO(k/ε2) dimensions are sufficient. We
remark that the same lemma and grid construction also
appeared in [12, 51]; [45] contains a weaker form. Even
though the dimension of the target subspace is signifi-
cantly higher thank, the embedding will still turn out to
be useful as it can be constructed without knowing the
subspaceV .

Lemma 10 ([32], see also [8] for a restated proof)
Let 0 < ε0, T = {x : x ∈ ε0√

k
Z

k, ‖x‖2 ≤ 1} and

C ∈ R
k×k. The number of vectors inT is at most

ek ln(9/ε0). If for all x, y ∈ T we have|xT Cy| ≤ ε then
for all unit vectorx ∈ R

k, we have|xT Cx| ≤ ε
(1−ε0)2

.

Corollary 11 Let 0 < ε, δ < 1 andS be a Johnson-
Lindenstrauss transform toO(k/ε2 · f(δ)) dimensions
for some functionf .

• (Subspace JL Lemma) IfS is a JLT fromR
m andV

is an arbitraryk dimensional subspace ofR
m then

Pr

(
∀v ∈ V :

∣∣ ‖v‖22 − ‖Sv‖22
∣∣ ≤ ε ‖v‖22

)
≥ 1− δ,

or stated otherwise, ifU ∈ R
m×k, m ≥ k, is a uni-

tary matrix then

Pr (∀i ∈ [1..k] : |1− σi(SU)| ≤ ε) ≥ 1− δ.

• (Weak) spectral bound for approximate matrix prod-
ucts. IfA ∈ R

m×k, B ∈ R
k×p andS is a JLT from

R
k then

Pr
(∥∥ASTSB −AB

∥∥
2
≤ ε ‖A‖2 ‖B‖2

)
≥ 1− δ.

PROOF: For the first statement letU ∈ R
m×k be

an orthonormal basis of the subspaceV . Set C =
UTSTSU − Ik, T ′ = {Ux : x ∈ T }, and ε0 =
1/2. Applying Corollary 4 to the setT ′, from |T ′| =
O(exp(k)) it follows that with high probability we have
| 〈SUx,SUy〉 − 〈x, y〉 | = |xT Cy| ≤ ε/4 for every
x, y ∈ T . Hence by Lemma 10 w.h.p. for all unit
vector x ∈ Rk it holds that |xT Cx| ≤ ε and thus

| ‖SUx‖22 − ‖Ux‖22 | ≤ ε proving the first claim. The
second statement is just a reformulation of the fact that
w.h.p. for any unit length vectorx ∈ R

k it holds that
1− ε ≤ ‖SUx‖2 ≤ 1 + ε/2.

For the last statement setU = Ik and thusC =
STS − Ik and observe that

∥∥ASTSB −AB
∥∥

2
=∥∥A(STS − Ik)B

∥∥
2
≤ ‖A‖2 ‖B‖2 ‖C‖2. As C is sym-

metric we have that‖C‖2 = max‖x‖2=1 xT Cx ≤ ε
concluding the proof. �

Theorem 12 SupposeA ∈ R
n×d, b ∈ R

n. Let Z =
min
x∈Rd

‖b−Ax‖2 = ‖b−Axopt‖2 , wherexopt = A+b

is a minimizer of the above formula. Let0 < ε < 1 and
S be a Johnson-Lindenstrauss Transform fromR

n to
R

r and Z̃ = min
x∈Rd

‖Sb − SAx‖2 = ‖Sb − SAx̃opt‖2 ,

wherex̃opt = (SA)+Sb.

• If r = Ω(ε−2) then with probability at least2/3

Z̃ ≤ (1 + ε)Z. (1)

• If r = Ω(ε−1d · log d) then with prob. at least1/3

‖b−Ax̃opt‖2 ≤ (1 + ε)Z. (2)

• If r = Ω(ε−2d · log d) then with prob. at least1/3

‖xopt − x̃opt‖2 ≤
ε

σmin(A)
Z. (3)

Furthermore computingx̃opt by the Fast Johnson-
Lindenstrauss Transform takesO(nd log n + d2(d +
log2 n) log dε−p) time with p = 1 in the case of
(2) and p = 2 in the case of (3), thus ford =
ω(log n) we achieve (2) ino(nd2) time if ε =
ω(log d(d + log2 n)/n).

PROOF:[Inequality 1] Applying the JLT to the single
vectorb−Axopt, by linearity we immediately obtain

Z̃ = ‖Sb − SAx̃opt‖2 ≤ ‖S(b −Axopt)‖2
≤ (1 + ε) ‖b−Axopt‖2 = (1 + ε)Z.

[Inequality 2] LetA = UΣV T be the SVD ofA and
ρ = rank(A) ≤ d. Additionally setα, β ∈ R

ρ and
w ∈ R

n such thatAxopt = Uα, b = Axopt + w and
Ax̃opt − Axopt = Uβ hold. Thusw is orthogonal to
colspan(U) and‖w‖2 = Z = ‖b−Axopt‖2 and we
have that

‖b−Ax̃opt‖22 = ‖w − Uβ‖22 = Z2 + ‖β‖22 . (4)



To upper bound‖β‖22, recall thatπ.(.) denotes the col-
umn projection operator defined in Section 1.2 and ob-
serve thatSU(α + β) = SAx̃opt = SA(SA)+Sb =
πSA(Sb) = πSU (Sb) as colspan(SU) = colspan(SA).
From πSU (Sb) = πSU (S(Uα + w)) = SUα +
πSU (Sw) it follows thatSUβ = πSU (Sw) and hence

UTST · SUβ = UTST · Sw. (5)

Now, asr = Ω(ρ) settingε′ to 1−1/ 4
√

2 in Corollary 11
with probability at least2/3 gives usσi(U

TSTSU) =
σ2

i (SU) ≥ 1/
√

2 and thus

‖β‖22 /2 ≤
∥∥UTSTSUβ

∥∥2

2
=

∥∥UTSTSw
∥∥2

2
.

Applying the first statement of Lemma 6 withε′ =√
ε/d to UT andw, fromUT w = 0 it follows that

∥∥UTSTSw
∥∥2

2
≤ ε ‖w‖22 = εZ2

holds with probability at least2/3. By the union bound
with probability at least1/3 we arrive at

‖β‖22 ≤ 2εZ2.

Combining the latter with equation (4) we conclude the
proof of the second claim by observing that

‖b−Ax̃opt‖2 ≤
√

1 + 2εZ ≤ (1 + ε)Z.

[Inequality 3] Reusing the previous proof withε ← ε2

we have‖β‖22 ≤ 2ε2Z2 andA(xopt−x̃opt) = Uβ. Thus
(ΣV T )(xopt − x̃opt) = β sinceU is orthogonal. Note
that for all1 ≤ i ≤ ρ we haveσi(ΣV T ) = σi(A) > 0.

For bounding‖xopt − x̃opt‖2 it is crucial to recall
that by xopt = A+b = V Σ−1UT b is a linear com-
bination of columns ofV (the right singular vectors)
and hencexopt lies in the row space ofA denoted by
rowspan(A). Similarly x̃opt lies in rowspan(SA), which
in turn is contained in rowspan(A), since the rows of
SA are formed by random linear combinations of rows
of A. Consequentlyxopt − x̃opt =

∑ρ
i=1 ηivi for

someη ∈ R
ρ, ‖η‖2 = ‖xopt − x̃opt‖2, and hence∑ρ

i=1 σ2
i η2

i = ‖β‖22. We establish the third claim by
additionally observing that

σmin(A) ‖xopt − x̃opt‖2 = σmin(ΣV T ) ‖η‖2 =
√√√√

ρ∑

i=1

σ2
ρη2

i ≤

√√√√
ρ∑

i=1

σ2
i η2

i = ‖β‖2 ≤ 4εZ. �

Remark. Although Theorem 12 guarantees only a con-
stant probability of success, it is easy to see that by re-
peating the projectionlog(1/δ) times inequalities (1-3)

hold with probability at least1− δ for the outcomẽx∗
opt

with minimal Z̃ orZ value, respectively.

If
√
‖b‖22 −Z2 ≥ γ ‖b‖2 for some0 < γ ≤ 1, then

with anyr for (3), with probability at least1/3 we have

that ‖xopt − x̃opt‖2 ≤ 5ε
(
κ(A)

√
γ−2 − 1

)
‖xopt‖2

since it follows from (3) as the proof of inequality (3.16)
in [29] shows.

We conclude this section by observing that the proof
of inequalities (2) and (3) works unchanged for any ma-
trix S such that|1 − σ2

i (SU)| = o(1) andUSTSw ≈
UT w. Thus combining the above with Rudelson’s and
Vershynin’s proof of Theorem 1.1 in [49] for bounding
the singular values and Lemma 8 in appendix A.2 of [23]
for bounding the norm of the approximate matrix prod-
uct we have the following claim for sampling̀2 regres-
sion.

Claim 13 Let r > 0 and for all 1 ≤ i ≤ n setpi =
‖U(i)‖22
‖U‖2

F

. LetS ∈ R
r×n be a row-sampling matrix such

that Pr

(
S(j) = ei√

rpi

)
= pi for all 1 ≤ j ≤ r, where

ei denotes theith unit vector. Then for any0 < ε ≤
1 inequalities (2) and (3) also hold with probability at
least1/3 if r = Ω(d log d + dε−1) andr = Ω(d log d +
dε−2), respectively.

We observe that the FJLT never requires more dimen-
sions for (1) than theΩ(d log d + ε−2) obtainable for
sampling if one defers the square root to the very end
of the proofs in [29, 30]. The latter modification also
yields r = O(d log(d)/ε) for the sampling version of
inequality (2), which matches to the bound of the FJLT.
However Claim 13 asks for even less in the case of sam-
pling.

4. Relative-error SVD

In this section we present a relative-error approx-
imate Singular Value Decomposition algorithm, i.e.
given anm×n, m < n, matrix ofA of reals we wish to
obtainAk = UkΣkV T

k , minimizing‖A−Xk‖F among
the rank-k matricesXk.

Adapting the proofs of [30] we show that if we
form O(k/ε) random linear combinations of rows
of A then the best rank-k approximation within
the (row)space generated by the random projection
achieves relative-error(1 + ε) ‖A−Ak‖F with con-
stant probability, which we then boost to arbitrary
high probability. The resulting algorithm runs in time
O((Mk/ε+(n+m)k2/ε2) log(1/δ)), whereM denotes
the number of non-zeroes inA.



Theorem 14 Let A ∈ R
m×n and recall thatΠ.(.) de-

note the row projection operators defined in Section 1.2.
If 0 < ε ≤ 1 andS is anr-by-n Johnson-Lindenstrauss
matrix with i.i.d. zero-mean±1 entries andr = Θ(k/ε)
then with probability at least1/2 it holds that

‖A−ΠSA,k(A)‖F ≤ (1 + ε) ‖A−Ak‖F .

Computing the singular vectors spanningΠSA,k(A) in
two passes over the data requiresO(Mr + (m + n)r2)
time andO((m + n)r2) space, whereM denotes the
number of non-zeroes inA.

PROOF: We will proceed similarly to the proof of
Theorem 1 in [30] but in a more concise way. Let
A = UΣV T be the SVD ofA and ρ = rank(A).
Slightly abusing the notation let matricesUk andUρ−k

contain the firstk and lastρ − k columns ofU re-
spectively. Observe that for all vectorsx ∈ R

k and
y ∈ R

ρ−k by the Pythagorean theorem it holds that
‖Ukx + Uρ−ky‖22 = ‖Ukx‖22 + ‖Uρ−ky‖22. Hence we
have that‖UkX + Uρ−kY ‖2F = ‖UkX‖2F +‖Uρ−kY ‖2F
for all matricesX ∈ R

k×n andy ∈ R
(ρ−k)×n.

Now, letD ∈ R
m×n be any matrix of the formD =

Uk · C · SA with arbitraryC ∈ R
k×r. It follows that

‖A−ΠSA,k(A)‖2F ≤ ‖A−D‖2F (6)

as rank(D) ≤ k and the rows ofD lie in the row space
of SA andΠSA,k(A) is the best rank-k approximation
of A from the row space ofSA. Furthermore, note that

‖A−D‖2F = ‖A−Ak‖2F + ‖Ak −D‖2F (7)

sinceA − Ak lies in the column space ofUρ−k and
Ak −D lies in the column space ofUk.

We setD = Ak(SAk)+(SA). To complete the proof
it is sufficient to show that with probability at least1/2

we have‖Ak −D‖2F ≤ 2ε ‖A−Ak‖2F , since combin-
ing the latter with equations (6-7) immediately gives us

‖A−ΠSA,k(A)‖F ≤
√

(1 + 2ε) ‖A−Ak‖2F
≤ (1 + ε) ‖A−Ak‖F .

Recall thatY (j) denotes thejth column of matrixY
and let us consider the regressionsA(j) ≈ Akxj for
j = 1, . . . , n. Note that the best approximation ofA(j)

from Ak is πAk
(A(j)) = A

(j)
k and hence it follows as

equations (4-5) in the proof of Theorem 12 that there
exists vectorsβ1, . . . , βn ∈ R

k andw1, . . . , wn ∈ R
m

orthogonal to colspan(Uk) such that

∀j ∈ {1, . . . , n} : ‖wj‖22 = ‖A(j) −A
(j)
k ‖22

∀j ∈ {1, . . . , n} : UT
k STSUkβj = UT

k STSwj , and
n∑

j=1

‖βj‖22 =
∥∥Ak −Ak(SAk)+(SA)

∥∥2

F
(8)

Fromr = Ω(k) and Corollary 11 we have‖βj‖22 /2 ≤∥∥UT
k STSUkβj

∥∥2

2
with probability 3/4 for all j as be-

fore. Observing thatS is a tug-of-war matrix as well
and applying the second statement of Lemma 6 with
ε′ =

√
ε/k to UT

k andwj from UT
k wj = 0 it follows

that

E




n∑

j=1

∥∥UT
k STSwj

∥∥2

2



 =
n∑

j=1

E

(∥∥UT
k STSwj

∥∥2

2

)

≤
n∑

j=1

ε ‖wj‖22 = ε
n∑

j=1

‖A(j) −A
(j)
k ‖22

Thus by Markov’s inequality and the union bound
we have that

∑n
j=1 ‖βj‖22 ≤ 8 ‖A−Ak‖2F holds with

probability at least1/2. Combining the latter with equa-
tion (8) and rescalingε yields the required bound.

Time and space can be bound the same way as in [20]
by keeping an orthonormal basis ofSA. However, note
thatS is independent of the input and hence we can mul-
tiply S with A in the first pass, computeΠSA(A) in the
second and obtainΠSA,k(A) in two passes altogether.
�.

Remark. Since ΠSA,k(A) is indeed computed as a
sequence of two projections it is easy to keep track
of the error using‖A‖2F = ‖A−ΠSA,k(A)‖2F +

‖ΠSA,k(A)‖2F . Thus we can boost the probability of
success to1 − δ by runningO(log(1/δ)) independent
copies parallel and choosing the instance with maximal
‖ΠSA,k(A)‖2F .

Moreover the number of random bits required to con-
structS can be reduced by showing that only the entries
within the firstΘ(k) rows ofS need to be completely in-
dependent and that the remainingΘ(k/ε) rows can also
contain four-wise independent tug-of-war vectors. The
essence of the omitted proof is that we analyze the ef-
fect of the aforementioned submatrices ofS separately
by showing that the adaptive sampling theorem of Desh-
pande et al. [20] holds with tug-of-war projections as
well and then apply Theorem 14 withε = 1 only.

Deshpande and Vempala also proved [21] that for
any matrixA, thereexistsa subsetR of O(k log k +
k/ε) rows of A such that ‖A−ΠR,k(A)‖F ≤



(1 + ε) ‖A−Ak‖F and their approximate SVD method
indeed finds anO(k2 log k + k/ε) element row set (see
also [30]). Combining Claim 13 with Theorem 14
it follows that if we sample according to the squared
row lengths ofVk then inO(SV Dk(A)) time we can
find an O(k log k + k/ε) element column setC =
AST such that‖A− πC(A)‖F ≤ ‖A− πC,k(A)‖F ≤
(1 + ε) ‖A−Ak‖F . It is easy to see that Theorem 14
and hence the previous inequality holds unchanged if
we replaceAk with any matrix Bk such thatBk =
πX(A), whereX is a k-dimensional subspace. Thus
we can obtain a faster relative-error column-based ap-
proximation algorithm by applying Theorem 14 twice
and sampling according to the row lengths ofVΠSA,k(A)

in time O((M(k log k + k/ε) + (n + m)(k log k +
k/ε)2) log(1/δ)) and4 passes altogether.

Lastly, by a result of Drineas and Mahoney [27] The-
orem 14 also yields improved low-rank approximation
of higher order tensors in the “unfolding” model.

5. Conclusion

We conclude with two open problems. Does there
exist a fast, pass efficient algorithm for(1 + ε)σk+1

relative-error low-rank approximation in the spectral
norm? What space and time lower bounds can be proven
for anypass efficient approximate matrix product,`2 re-
gression, or SVD algorithm? And lastly, from a practical
point of view, it is imperative to evaluate and compare
the algorithms discussed in this paper using large scale
synthetic and real world data.
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