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Abstract as singular value decomposition (SVD), linéaregres-
sion and the computation of matrix products. Our mo-
Recently several results appeared that show signifi- tivation comes from the widespread use of these tools
cant reduction in time for matrix multiplication, singular  in data mining [10]. Prominent applications of low-rank
value decomposition as well as lineat,) regression, matrix approximation by SVD include recommendation
all based on data dependent random sampling. Our keysystems [25], information retrieval via Latent Seman-
idea is that low dimensional embeddings can be used totic Indexing [13, 48], Kleinberg’s celebrated HITS al-
eliminate data dependence and provide more versatile, gorithm for web search [43, 2], clustering [22, 47], and
linear time pass efficient matrix computation. Our main learning mixtures of distributions [42, 4] just to name a
contribution is summarized as follows. few. Classification can be solved by regularized regres-
sion [29] and text database querying by matrix-vector
e Independent of the recent results of Har-Peled and products [15].
of Deshpande and Vempala, one of the first —and  \whjle polynomial, all the three matrix operations
to the best of our knowledge the most efficient — mentioned above are computationally intensive when
relative-error (1 + €) [|A — Ax[  approximation  performed exactly. For example dense SVD methods
algorithms for the singular value decomposition of requireO(m?n) time andO(mn) space on am x n,
anm x n matrix A with M non-zero entries that ;< ,, matrix [36], both of which are prohibitively
requires2 passes over the dataand runsintime  |5rge even for moderate size data sets arising in current
, applications. Even for sparse data it is often the case that
O ((Mf + (n + m)';—z) log %) : the input far exceeds the main memory and hence we
generally restrict ourselves to the pass efficient “stream-
ing” model of computation [38]. Here access to the in-
put is limited to a constant number of sequential scans
and RAM usage depends sublinearly on input size. Also
note that sparse iterative SVD methods [36] alone are
not suitable for streaming computation as their conver-
gence speed is unknown a priori and thus generally they
require too many passes over the input. Similarly, ap-
proximate SVD schemes based on the Lanczos or power
method requir€(log m) passes [44, 37].
Recently a large number of results appeared that
prove bounds for non-uniform sampling to speed up ap-
This paper develops and analyzes fast approximationproxirm,ue matrix operations [35, 48, 3, 23, 28, 24, 26,
algorithms for fundamental linear algebra problems such 49, 20]. These results provide error guarantees that de-
*The research was partially supported by the Inter-UnitetSen- pend on the_ Frobenius norm Of the input matrices ‘f"”d
ter for Telecommunications and Informatics (ETIK) and frahe hence may incur a large additive term. An exception
NKFP 2005 projects ASTOR and MOLINGV. among sampling based techniques is the sequel of re-

e The firsto(nd?) time (1 + €) relative-error approx-
imation algorithm forn x d linear (¢3) regression.

e A matrix multiplication algorithm that easily ap-
plies to implicitly given matrices.

1. Introduction




sults of Drineas et al. [29, 30, 31], Har-Peled [37], and knownmatrices. Thes regression and SVD results are
Deshpande et al. [20, 21]. In the case of regressionbased on precisely these properties. En route we also use
and singular value decomposition by using very special embeddings to estimate the Frobenius norm of implic-
distributions for sampling they show that there exists a itly formed matrices akin to Freivalds’ technique [34]
small subset of the input which contains a relative-error (Lemma 8)! This estimate then can be used as a black
approximation. However, [29, 30, 31] give no advice box tool to boost the probability of correctness.
forimplementing the sampling procedure any fasterthan  The rest of the paper is organized as follows. After
solving the original problem. describing related results and basic facts about embed-

Low distortion embeddings also called “sketches” are dings we give approximate matrix product and approx-
known to outperform sampling in certain applications imate error testing algorithms in Section 2. Based on
[14, 50]. Our key techniques to improve previous algo- these in Section 3 we give our new lineég)(regression
rithms for singular value decompositiofy, regression  results. These results are used finally in Section 4 in our
and matrix multiplication are Johnson-Lindenstrauss SVD algorithm.
type embeddings [41]. Ironically, one of the first ap-
proximate singular value decomposition algorithms [48] 1.1. Comparison with previous results
was also embedding-based.

Our central result is a relative-error SVD algorithm  Except for [48, 46], to the best of our knowledge, all
(Theorem 14). Extending the work of [30, 35, 20] we prior work on speeding up matrix operations is based on
show that if we formO(k/e) random linear combi- ~Sampling. Cohen and Lewis set up random walks to ap-
nations from the rows ofA € R™*", then the best Proximate non-negative matrix products [15]. In their
rank+ approximation within the row space generated 9round-breaking paper Frieze, Kannan, and Vempala
by the random projection achieves relative-erfar+  [35] showed that given matrid, through non-uniform
€) ||A — Al » with constant probability. By repeating sampllng itis possible to seleqfﬁ(poly(k, e ') sized
the procedure and choosing the best approximation wesubmatrixC' of A such that i) with the help of” the de-
obtain the same error bound with high probability. The scription of a rank: matrix A, can be computed in con-
algorithm requires two passes over the data and runs instant time and iij|A — Ax||r < ||A — Akl +€||All 5
time O((Mk/e + (n +m)k?/€e*)log(1/6)). Indepen-  holds with high probability, wherd,. denotes best rank-
dently of our work Har-Peled [37], and Deshpande and k£ approximation. Subsequent research based on sam-
Vempala [21] also proved similar results. However, our pling entire rows or columns with probability propor-
procedure is faster in ternisthan the more efficient of  tional to their squared Euclidean length resulted in more
those, [21] that necessitategk log k) passes. practical algorithms and refined analysis both for SVD

We also present the first(nd?) time (1 + e)- [28, 24, 49, 20] and approximate matrix products [23].
approximation algorithm fot, regression with coeffi- ~ Other Iinelof rgsearch is based on random sparsification
cient matrixA € R"*¢, n > d = w(logn), by replac- ~ &nd quantization [3, 23, 8].
ing sampling in [29] with embeddings (Theorem 12).  Although at first it may seem contradictory, approxi-
We offer novel analysis with improved bounds com- Mate matrix product algorithms do not compute the final
pared to [29], lowering the required number of reduced fesult itself, but reduce the problem two the product of
dimensions for sketches for example @dlogd/¢) two smaller (or sparser) matrices. If needed the latter
that matches to the enhanced bound of [30] for sam- ¢an be more easily multiplied with the preferred exact
pling. Plugging in the fast Johnson-Lindenstrauss trans-method [36, 17, 16].

form of Ailon and Chazelle [5] allows us to obtain an ~ Returning to SVD, the best preliminary result with
O(ndlog n) time algorithm fore down tow((d log d(d+ respect to the Frobenius norm was derived by Desh-
logZn)/(nlogn)). pande and Vempala [21] independently of our work,

and shows that if we sampl@(k?logk + k/¢) rows
from A in O(klogk) passes in an adaptive manner
20], then the best rank- approximation within the
row)space generated by the sample achieves relative-
error (1 + €) ||A — Ag|| with probability at leasB/4.

That algorithm runs in timeO(M (k?logk + %) +

As the simplest applications of our technique we
derive algorithms for approximating matrix products
whose time and space usage and error bound matcri
to that of the column-row sampling based method [23]
(Theorem 9). Unlike [23] our algorithms extend un-
changed to approximating chain products and most im-
portantly come with much stronger element-wise error -~ 1ye remark that the earlier work of Ar et al. [52, 39] contaiss e
bounds and work for approximating products wrf- sentially the same result.




(m + n)(k*logk + £)?), whereM denotes the num-  contain the first: columns ofU andV and the diag-
ber of non-zeroes off. While improving the running  onal ©;, € R*¥** contains firstk entries of. For a
time, we also reduce the number of passe8.tdHis- subspacé” < R™ let 7y (A) denote the matrix formed
torically the first relative-error SVD was given by Har- by projecting every column ofi to V. Similarly, let
Peled [37], also independent of this work. Besides run- Il (A) stand for projecting eactow of A to W < R”
ning in O(logn) passes it is slower then the other two and letIIyy ;(A) denote the best rank-approximation
approaches as its running rime depends on the size ofof A with its rows inW, i.e. Iy (4) = (Hw(4)).
the input matrixmn instead of the number of non-zero  Additionally, given matrixB let colspaiB) < R™ and
entriesM. rowspariB) < R™ denote the subspaces generated by
As the first of the two preliminary results for the least its column and rows, respectively and we use the simpli-
squares regression problem Drineas et al. [29] provedfied notationmz(A) for ”colspamB)(A) andIlp 1 (A)
that if we sampler’ = poly(e~',d) rows from A for Irowspans),x(4). Furthermore let;(4) = %
andb with the sampling probabilities satisfying certain - denote theith singular value of4 and letomin(A) =
criteria, then with high probability the optimum solu- ¥3;; and omax(A) = Xpp. The condition number of
tion of the »’-by-d downsampled problem gives an A'is K(A) = omax(A)/omin(A). The Moore-Penrose
approximation to the original least squares problem. The generalized inverse ol can be expressed in terms of
same authors go a step further in [30] by showing that the SVD asd* = VX ~1U7. For further linear algebra
it is possible to construct a rar®(k log k/€?) matrix we refer the reader to [36].

which approximatesi to error(1 +¢)[|[A — Akl and  Random projections. Johnson-Lindenstrauss’s
its columns are expressible as linear combinations of aseminal paper [41] was followed by several variants
O(klog k/¢?) sized subset of columns of. and proofs of low-distortion embeddings [33, 40, 19].

The crux of all column or row sampling proofs are Throughout this paper we will make extensive use of
the results that sampling provides good enough approxi-three flavors of’, — ¢, embeddings (Theorems 2 &
mation for matrix products if the sampling probabilities 3, and Lemma 5); we list their properties now.
are proportional to the column and row lengths of the
matrices in question [23]. In fact uniform sampling is Definition 1 A random matrix R € R**™ forms
insufficient as [11] shows. In [29, 30, 31] these results a Johnson-Lindenstrauss transform with parameters
are then applied to products arising from the singular e, §, d, or JLT(e, §, d) for short, if there exists a function
value decomposition of the input. However, as noted, it f that for any0 < ¢,6 < 1, positive intege and d-
is unknown whether the required nonuniform sampling element subsdt’ c R", wherek = Q(l‘)f;df(é)) with
probabilities can be computed any faster than the time probability at leastl — ¢ for all v € V it holds that
required to solve the problem exactly. (1—e) o]z < |Rv|lz < (1 +¢€) ]2

In contrast, we observe that data independent ran-
dom projections approximate dot products well, and Theorem 2 (The Johnson-Lindenstrauss Lemma [19, 9])
hence are also capable of approximating matrix prod-Let0 <€, < 1andS = ﬁR € R¥*™ matrix such
ucts within the same bounds as data dependent samthattheR;; ~ N (0, 1) entries are independent standard
pling. Our improved analysis fak, regression directly  normal random variables. § = Q(e~2logdlog(1/6))
exploits the low distortion of dot products. thenS is a JLT(e, 6,d) .

1.2. Preliminaries For practical applications th&'(0, 1) entries can be
replaced by randont1 variables [1, 9]. Recently Ailon
Linear algebra and notation.  Let column vectors and Chazelle showed [5] that a significantly sparser em-

A~ and A® denoteith row and column of matrix  Pedding matrixk suffices if inputs are preconditioned
A(Z)G R™Xn. et ||All, = max | Az||, and with a randomized Fast Fourier Transform and obtained
. 2 T 2

~aJLT(e,2/3,d) which is faster to compute.
Al = /> aj; denote the spectral and Frobenius

norm of A respectively. The Singular Value Decomposi- Theorem 3 (The Fast/; — ¢» Johnson-L. Transform [5])
tion (SVD) of a ranky matrix A is given byA = UX VT LetS = \/%PHnD, where D is ann x n diagonal
with U € R™*? ¥ € RP*P andV € R"*?, By the matrix with entries being independent uniformly ran-
Eckart-Young theorem the best raklapproximationof =~ dom +1, H, denotes the Hadamard-matrix of size
A with respect to both the Frobenius and spectral norms(w.l.o.g. we assume that is a power of2), and the
is Ay, = Uy VL, whereUy, € R™** andVj, € R"** entries of thek = O(e=2logd) x n matrix P are i.i.d.

ll2=



N(0,q~1) with probability g, and 0 otherwise, where
N = max{n,d} andg = min{O(n~'log? N), 1}. Let
€p be an absolute constant. Then for any< ¢, and
V c R, |V| = d, with probability at least2/3 the
following two events occur:

e Forallv € Vitholds that(1 — €) ||v]|2 < ||Sv|3 <
(1+¢€) [lo]l-

e For all z € R™ computingSz takesO(nlogn +
e 2log® N log d) time.

Now let us consider the dot produ¢su, Sv) for
u,v € V. By the parallelogram rule it is easy to see
[9, 48] that if S distorts squared norms by factor of at
most1 + ¢ and the sel/ contains unit length vectors
only then| (Su, Sv) —(u,v) | < e. If u = 0then trivially
(80, Sv) = (0,v) = 0forallv. If u # 0 andv # 0then

by linearity (Su, Sv) = ully [vll, (St Sz )

and therefore we also have the following stronger corol-
lary, to which we will often refer to.

Corollary 4 1If Siis a JLTe, d,d), 0 < € < 1, then for
anyV C R", |V| = d with probability at leastl — §
for all u,v € V it holds that(u,v) — € |lull, [|v], <
(Su, Sv) < (u,v) + € lully [[v]l,:

The last ingredient of our proofs was presented by
Alon, Matias, and Szegedy in their seminal paper [7].

Lemma 5 (Tug-of-war sketch, [7,6]) Let0 < ¢ < 1
andS = ¢R € R° *" be a random matrix such that
rows of R are independent and each row consists of
a vector of four-wise independent zero-mgasnl, +1}
random variables. Then for any,y € R™ we have
that E ((Sz, Sy)) (x,y) and Var ((Sz,Sy)) <

2¢2 |23 [1yll3-

2. Matrix multiplication

In this section we demonstrate the versatility of
sketches by devising pass efficient algorithms for ap-
proximating matrix products. The algorithms to be pre-
sented are based on the following simple, but powerful
observation.

Lemma6 LetA € R™*", B € R"*P,

elf S is a JTed,(m + p), then
Pr (|AB — ASTSB||, < €|l Al|Bl|lp) >1—6.

olf S is €2 x n tug-of-war random
matrix then E (ASTSB) AB and

E (HAB - ASTSBHi) <22 | A% || B

PROOF Seta, = A andb, = B®. Note that
(AST)(;) = Sa; and (SB)Y) = Sb, and thusY;;
(AB)U — (ASTSB)U = (ai,bj) — (Sai,Sbj).

For the first claim let = {a1,...,am,b1...,bp}.
Then by Corollary 4 with probability at least— ¢ for
all i, j we have thatY;;| < ellas||, |[b;], , and thus

2 2
> > llaily 115115
i i

2 2
e | Al 1Bl -

2

|AB — ASTSB[},

For the second statement observe that by Lemma
5 the expected valu& (Y;;) = 0 and consequently
E (Y3) = Var({Sa;,Sb;)) < 2¢[laill3 |lbsl;. O

Combining the first statement of Lemma 6 with
Lemma 2 immediately gives us a one pass algorithm
which usesO(e~2log(m + p) log(1/6)(m + p)) space
and O(e~2log(m + p) log(1/6)M) time to output ma-
trices A = AST € RmxO(c “log(m+p)log1/s) gng
B = 8B € RO(c log(mtp)log1/5)xp guch that
Pr (| AB — AB||p < €| Al |Bl) = 1 - 6, where
M denotes the number of non-zero entriesdirand B
altogether. The complexity of the procedure is a factor
log(m+ p) higher than that of the column-row sampling
approach [23].

Next, we remove théog(m + p) factor by proving
the same high probability bound using the second claim
of Lemma 6. In fact, our method is more general and it
can be used to turn a large class of matrix approximation
algorithms having low error in the Frobenius norm with
constant probability to an algorithm having the same low
error with high probability.

In the case of matrix product by Lemma 6 and
Markov's inequality we have

Fact 7 Given0 < § < 1 let us instantiat¢ = log1/¢
independent copies of the tug-of-war matx Then
Pr (minj—;_¢ ||AB — ASTS;B|| ., < 2¢|| Al | Bl ) >

However, it is non-trivial to choose the best Com-
puting || AB — ASiTSZ-BHi exactly requires i) one full
AB matrix multiplication (which we are trying to ap-
proximate) ii) at leasf)(mp) space/time, which is way
too high for us. To overcome this, we will apply the tug-
of-war trick once more to approximate squared Frobe-
nius norms and hence pick (almost) the hést' S, B.
Similarly to Freivalds’ technique focheckingmatrix
products our norm estimation method requires a few ex-
tra matrix-vector products only [34] and was motivated
by Lemma 4 of [18].



Lemma 8 LetC be anm x n matrix,0 < A < 1, and
Q a A% x n tug-of-war random matrix as in Lemma

5. DefineX = HCQTHQF. ThenE (X) = ||C||% and
Var (X) < 2)2||C| 3.
PrROOF. We proceed similarly to Lemma 6. L& =

AR andr; denote theth row of the unscaled tug-of-war
matrix R. SetY; = HCrl-Hg andc; = C;y. Observe that

lcQT|% = VA A2 || Oy and hence it is enough

to show thatfs (Y;) = ||C||% and Var (Vi) < 2|C||5

hold. Using Lemma 5

B(lonl;) = B(X (enm)®) =Y B ((e.r))
J J

> (eivei) =IOl -

J

By the Cauchy-Schwartz inequality arMar (X) =
E (X?) — E? (X) it follows from Lemma 5 that for ar-
bitrary vectorsr, y we have thak (((z, r;) (y,7;))?) <

2. 12 h
3 [|[l3 [lyll3- Hence

B((X (era)’)

S E (e (o))
J.k

2 2 2 2 4
33 llesll3 leelly =3 (ICI3) = 31C13
7,k

E (v7)

IN

ThusVar (¥;) = E (Y2) — E2(Y;) < 2||C||%. O

Observing that the test outlined above trivially ex-
tends to multivariate matrix polynomials, we are ready
to present our algorithm.

Theorem 9 For Algorithm 1 we have that
Pr (|AB — ASES;B|, < VI2e|| Al |Bly) >
1 — 26 and E (AB — ASLS;-B) = 0. If M de-

notes the total number of non-zeroes ih and B
then the algorithm runs in at most two passes in
O ((m+ M) (e 2log1/5 + (log 1/6)?)) time and uses
O ((m+n+p) (e *og1/é + (log1/5)?)) space and
requires at most two passes over the data.

With Lemmas 6 and 8 at hand the proof is a rou-
tine application of Chebyshev’s inequality and hence it
is omitted. = Comparing Algorithm 1 to column-row

Algorithm 1 Approximate product oA € R™*™ and
B € R™*P matrices by tug-of-war sketches
1: fori=1,...,log1/§ do
2:  PickS; € RY/<**" random tug-of-war matrices as in
Lemma 5.
3: for 4 1,...,log1/é, j
loglog 1/4) do
4:  Pick Q;; € R'®*? random tug-of-war matrices as in
Lemma 5.
: ComputeS; B, AST.
ComputeBQ;; and thenX; ; = A(BQ).
: Compute(S; B)QY; and thenX. ; = (AS])(S:BQY).
DLletyiy = [ Xi — XigllE
Let z; = mediany;, ;.
: Choosei™ with minimal z;.

1,...,2(log1/§ +

3. The /, regression

In this section we present an approximation algo-
rithm for the least squares regression problem, i.e. given
ann-by-d, n > d, matrix A of reals and al dimen-
sional real vectob we wish to obtainc,,; = A*b min-
imizing || Az — b||,. Recall that the preliminary results
proven by Drineas et al. [29, 30] show that if we sample
r" = poly(e~!,d) rows from A and b with the sam-
pling probabilities satisfying certain criteria, then kit
high probability the optimum solution of the-by-d
downsampled problem gives arapproximation to the
original least squares problem. However, it is unknown
whether the required nonuniform sampling probabilities
can be computed any faster than #énd?) time re-
quired to solve the problem exactly.

Firstly, we observe that all the claims and proofs of
[29] carry through unmodified if we project the input by
forming » = O(+’) random linear combinations oA
andb’s rows as sketches provide good enough approx-
imation for matrix products (details are omitted). Sec-
ondly, we independently analyze the random projection
based method and significantly lower the bounds for the
required reduced dimensierior all the main statements
of [29], i.e. we improve it from’ = O(d?/e*) tor =
O(e72), from ' = O(d?/€*) tor = O(e~'dlogd),
and fromr’ = O(d?/e?) tor = O(e 2dlogd). These
bounds for sketching are on par even with those ob-
tainable by a more careful reading of the recent en-
hanced sampling proofs in [30]. Thirdly, plugging in

sampling [23] we observe that their proven bounds are the Fast Johnson-Lindenstrauss Transform (FJLT, The-

equivalent, but the embedding based Algorithm 1 ex-

tends to multiple term matrix products unmodified un-
like column-row sampling. We defer further discussion
to the full version of this paper.

orem 3) for the random projection allows us to obtain
an O(ndlogn) time algorithm. We remark that for
d = O(logn) the exact solution is efficient itself. In
what follows we state the input parametérand d of



the (F)JLT implicitly asr = Q(é=2 - logd) for easier
comparison with [29]

The Johnson-Lindenstrauss Lemma statesitvaic- w.h.p. for any unit length vectar € R” it holds that
tors fromR™ can be embedded int0(log(k)/e?) di- 1—e<||SUz|, <14€/2.
mensions such that the length of each vector is preserved For the last statement sét = I, and thusC =
up to al + ¢ factor (see Section 1.2). Itis easy to see that S”S — I, and observe that| ASTSB — AB||, =
given ak dimensional subspacé, embedding it into ||A(3T5 — Ik)BHQ < |All, || Bll, [|C|l5- As C'is sym-
O(k?log(k)/€e*) dimensions preserves the length of all hetric we have thallC|l, = max|,|,—127Cx <
vectors fromV’. However, it follows from a lemma of  concjuding the proof. O :
Feige and Ofek [32] based on putting a grid on the unit
sphere that mer®(k/¢?) dimensions are sufficient. We d
remark that the same lemma and grid construction also 1h€0rem 12 Supposed € R"*%,b € R™. Letzf
appeared in [12, 51]; [45] contains a weaker form. Even 27} 16— Azlly = [Ib = Azopt |, , Wherez,p, = ATb
though the dimension of the target subspace is signifi- is a minimizer of the above formula. Lét ¢ < 1 and

| ||SU3:||§ — |\Ux||§| < e proving the first claim. The

second statement is just a reformulation of the fact that

cantly higher thark, the embedding will still turn out to

S be a Johnson-Lindenstrauss Transform fr@f to

be useful as it can be constructed without knowing the R” and Z = min [|[Sb — SAz|, = [|Sb — SAZopll, ,
zER

subspacé’.

Lemma 10 ([32], see also [8] for a restated proof)
Let0 < €, T = {z : z € %Z"”’,Hx”2 < 1} and
C € RF*k. The number of vectors ifi’ is at most
ek®/<) f for all z,y € T we havez”Cy| < e then
for all unit vectorz € R¥, we havez” Cz| < Ty
Corollary 11 Let0 < ¢,6 < 1 andS be a Johnson-
Lindenstrauss transform t0(k/¢? - f(5)) dimensions
for some functiory.

e (Subspace JL Lemma)dfis a JLT fromR™ andV
is an arbitrary k dimensional subspace Bf™ then

Pr(voe V| lol} — ISul3| < ellvll3) =16,

or stated otherwise, 7 € R™** m > k, is a uni-
tary matrix then

Pr(Vie [L.k]: |1 —o;(SU) <€) >1—6.

e (Weak) spectral bound for approximate matrix prod-

ucts. If A € R™** B € R¥*P andS is a JLT from
R then

Pr (||ASTSB — AB||, < €||All, |B]l,) > 1 -6.

PrROOF For the first statement le/ € R™** pe
an orthonormal basis of the subspake SetC =
UTSTSU — Iy, T" = {Uz : = € T}, andeg =
1/2. Applying Corollary 4 to the sef”, from |T’| =
O(exp(k)) it follows that with high probability we have
| (SUz,SUy) — {(x,y)| = |[#7Cy| < €/4 for every
z,y € T. Hence by Lemma 10 w.h.p. for all unit
vectorz € RF it holds that|zTCz| < e and thus

wherez,,; = (SA)*Sb.
o If r = Q(e~2) then with probability at leas?/3

Z<(1+6)Z. 1)

o If r = Q(e~'d - log d) then with prob. at least/3

16— AZoprll, < (1+€)Z. )

e If r = Q(¢72d - log d) then with prob. at least /3

€
—Z < —2Z.
HZEopt IL'optHQ > Umin(A)

3
Furthermore computingz,,: by the Fast Johnson-
Lindenstrauss Transform take3(ndlogn + d*(d +
log? n)logde™?) time with p = 1 in the case of
(2) andp = 2 in the case of (3), thus ford =
w(logn) we achieve (2) ino(nd?) time if ¢ =
w(log d(d + log®n)/n).

PrRooOFE[Inequality 1] Applying the JLT to the single
vectorb — Az,,;, by linearity we immediately obtain

Z = ||Sb— SAoptlly < IS — Azopt)ll,
< (14 |lb— Avgplly = (1+€) 2.

[Inequality 2] LetA = UX VT be the SVD ofA and
p = rankA) < d. Additionally seta, 5 € R” and
w € R” such thatdz,,; = Ua, b = Axope + w and
AZopt — Azope = U hold. Thusw is orthogonal to
colspariU) and ||w|l, = Z = ||b — Az, and we
have that

b= AFope|l2 = w —UB|Z = 22+ |BI2.  (4)



To upper bound\ﬂng, recall thatr (.) denotes the col-

— § for the outcomer*

hold with probability at least opt

umn projection operator defined in Section 1.2 and ob- with minimal Z or Z value, respectively.

serve thatSU (a + 3) = SAZ,p = SA(SA)TSb =
75A(Sb) = msy (Sb) as colspafSU) = colspariSA).
From msy (Sb) tsu(S(Ua + w)) = SUa +
msu (Sw) it follows thatSU 5 = sy (Sw) and hence

(®)

Now, asr = Q(p) settinge’ to 1 —1/+/2in Corollary 11
with probability at leas®/3 gives uso;(UTSTSU) =
0?(SU) > 1/+/2 and thus

UrsT .sup=UrST - Sw.

18113 /2 < |UTSTSUB|; = [UTSTSwl;

Applying the first statement of Lemma 6 witi =
Ve/dtoUT andw, from UTw = 0 it follows that

HUTSTSwHE < e|lw|; = e2?

holds with probability at least/3. By the union bound
with probability at least /3 we arrive at

1815 < 2e2.

Combining the latter with equation (4) we conclude the
proof of the second claim by observing that

b= AZopell, S V1+2eZ2 < (1+6€)Z.

[Inequality 3] Reusing the previous proof with« ¢2
we have| 3|2 < 26222 andA(zopt —Eopt) = USB. Thus
(EVT)(xopt — Zopt) = (3 sinceU is orthogonal. Note
thatfor alll < i < pwe haveo;(XV7T) = 0;(A) > 0.
For bounding||zep: — Zoptl|, it is crucial to recall
that by z,,: = A*b = VE~1UTb is a linear com-
bination of columns ofl/ (the right singular vectors)
and hencer,,; lies in the row space ofi denoted by
rowspanA). Similarly ., lies in rowspafSA), which
in turn is contained in rowsp&d), since the rows of
S A are formed by random linear combinations of rows
of A. Consequentlyr,, — Zopr = > by miv; for
somen € R?, |nlly = [|Zopt — Toptll,, @and hence
P o = ||8]3. We establish the third claim by

additionally observing that

Tmin(BVT) [|n]l, =

Tmin(A) [[Zopt = Topt 5

p p
o2 < | o
i=1 i=1

18], <4eZ. O

Remark. Although Theorem 12 guarantees only a con-

If \/|Ib]l2 — 22 > ~||b]|,, for some0 < v < 1, then

with anyr for (3), with probability at least /3 we have

that [[zop: — opell, < 5e (W(A)VT = 1) [2optll,
since it follows from (3) as the proof of inequality (3.16)
in [29] shows.

We conclude this section by observing that the proof
of inequalities (2) and (3) works unchanged for any ma-
trix S such thall — 02(SU)| = o(1) andUST Sw
UTw. Thus combining the above with Rudelson’s and
Vershynin’s proof of Theorem 1.1 in [49] for bounding
the singular values and Lemma 8 in appendix A.2 of [23]
for bounding the norm of the approximate matrix prod-
uct we have the following claim for samplirfg regres-
sion.

~
~

Claim13 Letr > 0Oandforalll < ¢ < n setp;

U |I? _ _
HHEEIEQHZ' LetS € R"*" be a row-sampling matrix such
F
that Pr (Sm = ﬁ) =piforall1 < j < r, where

e; denotes theth unit vector. Then for ang < ¢ <

1 inequalities (2) and (3) also hold with probability at
least1/3if r = Q(dlogd + de~ ') andr = Q(dlogd +
de=2), respectively.

We observe that the FJILT never requires more dimen-
sions for (1) than thé&(dlogd + ¢~2) obtainable for
sampling if one defers the square root to the very end
of the proofs in [29, 30]. The latter modification also
yieldsr = O(dlog(d)/e) for the sampling version of
inequality (2), which matches to the bound of the FJLT.
However Claim 13 asks for even less in the case of sam-

pling.
4. Relative-error SVD

In this section we present a relative-error approx-
imate Singular Value Decomposition algorithm, i.e.
given anm x n, m < n, matrix of A of reals we wish to
obtainA4; = UkEkaT, minimizing||A — Xx|| » among
the rankk matricesXy,.

Adapting the proofs of [30] we show that if we
form O(k/e) random linear combinations of rows
of A then the best rank- approximation within
the (row)space generated by the random projection
achieves relative-errofl + ¢) ||A — Ag|| with con-
stant probability, which we then boost to arbitrary
high probability. The resulting algorithm runs in time

stant probability of success, it is easy to see that by re-O((Mk/e+(n+m)k?/e?)log(1/5)), whereM denotes

peating the projectioibg(1/9) times inequalities (1-3)

the number of non-zeroes ih.



Theorem 14 Let A € R™*"™ and recall thatlI (.) de-
note the row projection operators defined in Section 1.2.
If 0 < e <1andS is anr-by-n Johnson-Lindenstrauss
matrix with i.i.d. zero-mea#:1 entries and- = ©(k/¢)
then with probability at least /2 it holds that

[A=Tsar(Dlp <1 +e)[|A— Aglp-

Computing the singular vectors spannifig 4 1 (A4) in
two passes over the data requi@$Mr + (m + n)r?)
time andO((m + n)r?) space, wherel/ denotes the
number of non-zeroes iA.

PrROOF. We will proceed similarly to the proof of
Theorem 1 in [30] but in a more concise way. Let
A UxXVT be the SVD ofA andp = rank4).
Slightly abusing the notation let matricé% andU,_y,
contain the firstt and lastp — k columns ofU re-
spectively. Observe that for all vectogs € R* and
y € Rr~F py the Pythagorean theorem it holds that
Uz + Up—ylls = |Usz||5 + |Uy—ryl/3. Hence we
have thal| Ui X + Ui Y |7 = [UX |5+ 1Up—1Y Il
for all matricesX € R*¥*™ andy € R(p—F)xn,

Now, let D € R™*™ be any matrix of the fornD =
Uy - C - SA with arbitraryC' € R¥*"_ It follows that

1A =Tlsa (Al < 1A= D7 (6)
as rankD) < k and the rows oD lie in the row space
of SA andIls4 1 (A) is the best rank: approximation
of A from the row space af A. Furthermore, note that

1A= D% = l1A = Allz + |4 = DIz (D)
since A — Ay, lies in the column space df,_; and
Ay, — D lies in the column space &fy.

We setD = A, (SA;)*(SA). To complete the proof
it is sufficient to show that with probability at leakt2
we have|| A, — DH?D < 24— AkHQF, since combin-
ing the latter with equations (6-7) immediately gives us

V420 14— A2
(1+e) | A— Aulp.

[A—Tsar(A)] <
<

Recall thatt'¥) denotes theth column of matrixt”
and let us consider the regressiaaS) ~ Ajz; for
j =1,...,n. Note that the best approximation gf?)
from Ay is wa, (AW)) = AY) and hence it follows as
equations (4-5) in the proof of Theorem 12 that there
exists vectorss, ..., 3, € R¥ andwy,...,w, € R™

orthogonal to colspdid;;) such that

Vi€ {1,....n} « usl; =149 — AP
Vie{l,...,n} : U'STSULB; = ULST Sw;, and

S8 = Ak — A4 (S5 (8

Jj=1

Fromr = Q(k) and Corollary 11 we havﬁﬁjng /2 <
|UFSTSULB; ||, with probability 3/4 for all j as be-
fore. Observing thaf is a tug-of-war matrix as well
and applying the second statement of Lemma 6 with
¢ = /e/kto Ul andw; from Ul'w; = 0 it follows
that

E(Zﬂﬁﬁwwﬁ)
j=1
<> ellwsll;
j=1

Thus by Markov’'s inequality and the union bound
we have thab-"_, [|3;]l; < 8|4 — Ak |7 holds with
probability at least /2. Combining the latter with equa-
tion (8) and rescaling yields the required bound.

Time and space can be bound the same way as in [20]
by keeping an orthonormal basis&f. However, note
thatS is independent of the input and hence we can mul-
tiply S with A in the first pass, compuiés 4 (A) in the
second and obtaifls 4 1 (A) in two passes altogether.

SE(|[UF ST Su;)
j=1

e 1IAW — A3
j=1

Remark. Sincellsa x(A) is indeed computed as a
sequence of two projections it is easy to keep track
of the error using|| A% JA —Tlsar(A)7 +

|\H3A7k(A)||2F. Thus we can boost the probability of
success td — ¢ by runningO(log(1/4)) independent
copies parallel and choosing the instance with maximal
s a5 (A)|[ -

Moreover the number of random bits required to con-
structS can be reduced by showing that only the entries
within the first© (k) rows ofS need to be completely in-
dependent and that the remaini@gk /¢) rows can also
contain four-wise independent tug-of-war vectors. The
essence of the omitted proof is that we analyze the ef-
fect of the aforementioned submatricesSeparately
by showing that the adaptive sampling theorem of Desh-
pande et al. [20] holds with tug-of-war projections as
well and then apply Theorem 14 with= 1 only.

Deshpande and Vempala also proved [21] that for
any matrix A, thereexistsa subsetR of O(klogk +
k/e) rows of A such that ||[A—-TIIgr(A)]|, <



(1+¢)||A — Ag|  and their approximate SVD method
indeed finds aD (k? log k + k/€) element row set (see
Combining Claim 13 with Theorem 14
it follows that if we sample according to the squared

also [30]).

row lengths ofV}, then inO(SV D (A)) time we can
find an O(klogk + k/€) element column seC =
AST such that|A — ¢ (A)|| p < |4 = mep(A)] 5 <

(14 ¢€)||A— Al . Itis easy to see that Theorem 14
and hence the previous inequality holds unchanged if

we replaceA; with any matrix B, such thatB, =

mx(A), whereX is a k-dimensional subspace. Thus
we can obtain a faster relative-error column-based ap-
proximation algorithm by applying Theorem 14 twice

and sampling according to the row lengths®f; , , (4)
in time O((M(klogk + k/e) + (n + m)(klogk +
k/€)?)log(1/5)) and4 passes altogether.

Lastly, by a result of Drineas and Mahoney [27] The-
orem 14 also yields improved low-rank approximation

of higher order tensors in the “unfolding” model.

5. Conclusion
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We conclude with two open problems. Does there [12] R. Baraniuk, M. Davenport, R. DeVore, and M. Wakin.

exist a fast, pass efficient algorithm 0t + €)ox1

relative-error low-rank approximation in the spectral
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