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Abstract

Recently several results appeared that show significanttiesh in time for matrix multiplication,
singular value decomposition as well as line&y) (regression, all based on data dependent random
sampling. Our key idea is that low dimensional embeddingseaused to eliminate data dependence
and provide more versatile, linear time pass efficient matdmputation. Our main contribution is
summarized as follows.

¢ Independent of the recent results of Har-Peled and of Destgend Vempala, one of the first—and

to the best of our knowledge the most efficient — relativexeit + ¢) || A — A || - approximation
algorithms for the singular value decomposition ofranx n matrix A with A/ non-zero entries
that require® passes over the data and runs in time

o (35 + ) )

e The firsto(nd?) time (1+¢) relative-error approximation algorithm farx d linear (¢») regression.
e A matrix multiplication algorithm that easily applies tojaticitly given matrices.

1 Introduction

This paper develops and analyzes fast approximation éhgasi for fundamental linear algebra problems
such as singular value decomposition (SVD), linéaregression and the computation of matrix products.
Our motivation comes from the widespread use of these tadlstia mining [10]. Prominent applications
of low-rank matrix approximation by SVD include recommetiola systems [25], information retrieval via
Latent Semantic Indexing [13, 48], Kleinberg’s celebratdd@S algorithm for web search [43, 2], clustering
[22, 47], and learning mixtures of distributions [42, 4]tjbs name a few. Classification can be solved by
regularized regression [29] and text database queryingdiyixywwector products [15].

While polynomial, all the three matrix operations mentidrdove are computationally intensive when
performed exactly. For example dense SVD methods require®n) time andO(mn) space on am x n,
m < n, matrix [36], both of which are prohibitively large even fmoderate size data sets arising in current
applications. Even for sparse data it is often the case lileanput far exceeds the main memory and hence
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we generally restrict ourselves to the pass efficient “stieg” model of computation [38]. Here access to
the input is limited to a constant number of sequential seasRAM usage depends sublinearly on input
size. Also note that sparse iterative SVD methods [36] akmeenot suitable for streaming computation
as their convergence speed is unknown a priori and thus glgnérey require too many passes over the
input. Similarly, approximate SVD schemes based on the t@mor power method requir@(log m)
passes [44, 37].

Recently a large number of results appeared that prove lsdiandhon-uniform sampling to speed up
approximate matrix operations [35, 48, 3, 23, 28, 24, 26289, These results provide error guarantees that
depend on the Frobenius norm of the input matrices and heagéntur a large additive term. An exception
among sampling based techniques is the sequel of resultér@dds3 et al. [29, 30, 31], Har-Peled [37], and
Deshpande et al. [20, 21]. In the case of regression andlaingalue decomposition by using very special
distributions for sampling they show that there exists alksudset of the input which contains a relative-
error approximation. However, [29, 30, 31] give no adviceifoplementing the sampling procedure any
faster than solving the original problem.

Low distortion embeddings also called “sketches” are knésvautperform sampling in certain appli-
cations [14, 50]. Our key techniques to improve previoustigms for singular value decomposition,
/5 regression and matrix multiplication are Johnson-Linttawss type embeddings [41]. Ironically, one of
the first approximate singular value decomposition alpori [48] was also embedding-based.

Our central result is a relative-error SVD algorithm (Therar14). Extending the work of [30, 35, 20]
we show that if we formO(k/e) random linear combinations from the rows df ¢ R™*", then the
best rankk approximation within the row space generated by the randajegtion achieves relative-error
(1+¢€)||A— Ag|  with constant probability. By repeating the procedure amoosing the best approxi-
mation we obtain the same error bound with high probabilitlge algorithm requires two passes over the
data and runs in tim&((Mk/e + (n + m)k?/e*)log(1/6)). Independently of our work Har-Peled [37],
and Deshpande and Vempala [21] also proved similar reddtisvever, our procedure is faster in terims
than the more efficient of those, [21] that necessit&t&slog k) passes.

We also present the firsfnd?) time (1 + ¢)-approximation algorithm fof, regression with coefficient
matrix A € R"*4, n > d = w(logn), by replacing sampling in [29] with embeddings (Theorem. 12)
We offer novel analysis with improved bounds compared tq, [B®vering the required number of reduced
dimensions for sketches for example@dd log d/¢) that matches to the enhanced bound of [30] for sam-
pling. Plugging in the fast Johnson-Lindenstrauss transfof Ailon and Chazelle [5] allows us to obtain
anO(ndlogn) time algorithm fore down tow((d log d(d 4 log?n)/(nlogn)).

As the simplest applications of our technique we derive rilgms for approximating matrix products
whose time and space usage and error bound match to that adltiran-row sampling based method [23]
(Theorem 9). Unlike [23] our algorithms extend unchange@pproximating chain products and most
importantly come with much stronger element-wise errorrasuand work for approximating products of
unknownmatrices. Thes regression and SVD results are based on precisely theserpesp En route
we also use embeddings to estimate the Frobenius norm oicittypformed matrices akin to Freivalds’
technique [34] (Lemma 8).This estimate then can be used as a black box tool to boostdbelgility of
correctness.

The rest of the paper is organized as follows. After desugibielated results and basic facts about
embeddings we give approximate matrix product and appratanerror testing algorithms in Section 2.
Based on these in Section 3 we give our new linégy iegression results. These results are used finally in
Section 4 in our SVD algorithm.

We remark that the earlier work of Ar et al. [52, 39] contaissentially the same result.



1.1 Comparison with previous results

Except for [48, 46], to the best of our knowledge, all priorriwon speeding up matrix operations is based on
sampling. Cohen and Lewis set up random walks to approximaienegative matrix products [15]. In their
ground-breaking paper Frieze, Kannan, and Vempala [33}stidhat given matrix4, through non-uniform
sampling it is possible to selectpoly(k, e~ 1)) sized submatrixC of A such that i) with the help of' the
description of a rank matrix 4, can be computed in constant time and||ij — ECHF < ||A— Agllp +

e ||A|  holds with high probability, wherel; denotes best rank-approximation. Subsequent research
based on sampling entire rows or columns with probabilitypprtional to their squared Euclidean length
resulted in more practical algorithms and refined analysth for SVD [28, 24, 49, 20] and approximate
matrix products [23]. Other line of research is based onaandparsification and quantization [3, 23, 8].

Although at first it may seem contradictory, approximateriratroduct algorithms do not compute the
final result itself, but reduce the problem two the produdinaf smaller (or sparser) matrices. If needed the
latter can be more easily multiplied with the preferred éxaethod [36, 17, 16].

Returning to SVD, the best preliminary result with respedhe Frobenius norm was derived by Desh-
pande and Vempala [21] independently of our work, and shbafsit we sampleO(k? log k + k/¢) rows
from A in O(klog k) passes in an adaptive manner [20], then the best kamBproximation within the
(row)space generated by the sample achieves relative{értoc) || A — Ay » with probability at leass /4.
That algorithm runs in timé (M (k? log k+ £) 4 (m+n) (k2 log k+ £)2), whereM denotes the number of
non-zeroes ofi. While improving the running time, we also reduce the nundfgrasses t@. Historically
the first relative-error SVD was given by Har-Peled [37]palsdependent of this work. Besides running
in O(logn) passes it is slower then the other two approaches as itsnginime depends on the size of the
input matrixmn instead of the number of non-zero entrigs

As the first of the two preliminary results for the least sggaregression problem Drineas et al. [29]
proved that if we sample’ = poly(¢~!,d) rows from A and b with the sampling probabilities satisfy-
ing certain criteria, then with high probability the optimusolution of ther’-by-d downsampled prob-
lem gives anc-approximation to the original least squares problem. Tdraesauthors go a step further
in [30] by showing that it is possible to construct a rafkk log k/¢2) matrix which approximatest to
error (1 + €) ||[A — Ax||» and its columns are expressible as linear combinations@fkdog k/€*) sized
subset of columns ofl.

The crux of all column or row sampling proofs are the resuitst sampling provides good enough
approximation for matrix products if the sampling probaigit are proportional to the column and row
lengths of the matrices in question [23]. In fact uniform gdinyg is insufficient as [11] shows. In [29, 30,
31] these results are then applied to products arising flmrsingular value decomposition of the input.
However, as noted, it is unknown whether the required ndaotmi sampling probabilities can be computed
any faster than the time required to solve the problem exactl

In contrast, we observe that data independent random gimjecapproximate dot products well, and
hence are also capable of approximating matrix productsinvihe same bounds as data dependent sam-
pling. Our improved analysis fdk, regression directly exploits the low distortion of dot puats.

1.2 Preliminaries

Linear algebra and notation. Let column vectorsA;, and A denoteith row and column of matrix

A € R™ . Let||All, = max),,—1 [[Az[ly and||Allp = /> a?j denote the spectral and Frobenius norm

of A respectively. The Singular Value Decomposition (SVD) ofiakip matrix A is given byA = USVT



with U € R™** % € RP*P andV € R™*. By the Eckart-Young theorem the best rankpproximation

of A with respect to both the Frobenius and spectral norméis= UkEkaT, whereU,, € R™** and

Vi € R™*F contain the first: columns ofU andV and the diagonat;, € R*¥** contains firstc entries

of 3. For a subspac®& < R™ let 7 (A) denote the matrix formed by projecting every columnAf
to V. Similarly, letIIy (A) stand for projecting eactow of A to W < R™ and letIly;(A) denote
the best ranke approximation ofA with its rows inW, i.e. Iy, (A) = (IIy (A4))x. Additionally, given
matrix B let colspatiB) < R™ and rowspafB) < R" denote the subspaces generated by its column
and rows, respectively and we use the simplified notatigiA) for WcolspamB)(A) andIlp 1 (A) for
Mrowspansa),k(A). Furthermore let;(A) = %;; denote theth singular value ofd and letoyi, (4) = X1
and opmax(A) = Xpp. The condition number ofl is k(A) = omax(A)/omin(A). The Moore-Penrose
generalized inverse oft can be expressed in terms of the SVDA4S = VX~'UT. For further linear
algebra we refer the reader to [36].

Random projections. Johnson-Lindenstrauss’s seminal paper [41] was followeddveral variants and
proofs of low-distortion embeddings [33, 40, 19]. Throughthis paper we will make extensive use of three
flavors of¢y — ¢5 embeddings (Theorems 2 & 3, and Lemma 5); we list their ptasenow.

Definition 1 A random matrixk € R**™ forms a Johnson-Lindenstrauss transform with parameteis/,
or JLT(e, 0,d) for short, if there exists a functiolfi that for any0 < ¢, < 1, positive integerd and d-
element subsét C R", wherek = Q('%¢ f(4)) with probability at leastl — ¢ for all v € Vit holds that

2 2 2
(I =) fvlly < [Rullz < (1 +€) [Jo]f5-

Theorem 2 (The Johnson-Lindenstrauss Lemma [19, 9]Let0 < ¢, < 1 andS = ﬁR e Rkxn

matrix such that theR;; ~ N(0,1) entries are independent standard normal random variabkés: =
Qe 2logdlog(1/6)) thenS is a LT, 5, d) .

For practical applications th& (0, 1) entries can be replaced by randami variables [1, 9]. Recently
Ailon and Chazelle showed [5] that a significantly sparsebedding matrixk suffices if inputs are precon-
ditioned with a randomized Fast Fourier Transform and akthia JLTe, 2/3, d) which is faster to compute.

Theorem 3 (The Fast/s — ¢ Johnson-Lindenstrauss Transform [5]) LetS = ﬁPHnD, whereD is
ann x n diagonal matrix with entries being independent unifornagdom+1, H,, denotes the Hadamard-
matrix of sizen (w.l.0.g. we assume that is a power of2), and the entries of thé = O(¢~2logd) x

n matrix P are i.i.d. N(0,q~!) with probability ¢, and 0 otherwise, whereV = max{n,d} andq =
min{O(n ' log? N),1}. Lete, be an absolute constant. Then for ang ¢y andV c R”, |V| = d, with
probability at least2/3 the following two events occur:

e Forall v € Vitholds that(1 — ¢) [|v]|3 < [|Sv||3 < (1 +€) ||v]3.
e Forall z € R™ computingSz takesO(n log n + €2 log? N log d) time.

Now let us consider the dot produ@fu, Sv) for u,v € V. By the parallelogram rule it is easy to see
[9, 48] that if S distorts squared norms by factor of at mbst ¢ and the sel” contains unit length vectors
only then| (Su, Sv) — (u,v) | < e. If u = 0 then trivially (50, Sv) = (0,v) = 0 forall v. If v # 0 and

v # 0 then by linearity(Su, Sv) = [Jull, ||v]ly <SL SL> and therefore we also have the following

lfully > = flvll

stronger corollary, to which we will often refer to.

Corollary 4 If SisaJLTe,d,d), 0 < e < 1, then for anyt” C R", |V'| = d with probability at leastl — ¢
for all u,v € V it holds that(u, v) — € ||ul|, ||v||, < (Su,Sv) < (u,v) + €||lully||v|5-



The last ingredient of our proofs was presented by Alon, dathnd Szegedy in their seminal paper [7].

Lemma 5 (Tug-of-war sketch, [7, 6]) Let0 < e < 1andS =¢R € R “*" be a random matrix such that
rows of R are independent and each row consists of a vector of foue-imdependent zero-megn-1, +1}
random variables. Then for any,y € R" we have that ((Sz,Sy)) = (z,y) and Var ((Sz,Sy)) <
26 [l 5 1yl

2 Matrix multiplication

In this section we demonstrate the versatility of sketcheddvising pass efficient algorithms for approx-
imating matrix products. The algorithms to be presentecbased on the following simple, but powerful
observation.

Lemma6 LetA € R™*" B ¢ R"*P,

o If SisaJLT(e, 4, (m + p)), thenPr (||AB — ASTSB||, < ¢||Al|z||Bllp) >1-4.

IN

e If Sis €2 x n tug-of-war random matrix theit (457 SB) = AB andE (HAB — ASTSBH@
2¢” || Al | B

PROOF. Seta; = A,y andby, = B®). Note that(AST)(i) = Sa; and (SB)(j) = Sb; and thusy;; =
(AB)z‘j — (ASTSB)U = (ai,bj> — (Sai,Sbj>.

For the first claim lelV' = {a1,...,am,b1...,by}. Then by Corollary 4 with probability at least— §
for all 7, j we have thatY;;| < e||a;[, ||b;]|, , and thus

2
|AB = ASTSB|. =) Y <Y Elaill llbsl5 = € | Al% | BII% -
-7]- 27.7

For the second statement observe that by Lemma 5 the expegtegE (Y;;) = 0 and consequently

E (v2) = Var ((Sa;, Sb;)) < 2¢ ail3 113 O

Combining the first statement of Lemma 6 with Lemma 2 immetijagives us a one pass algorithm
which usesO (e 2log(m + p) log(1/8)(m + p)) space and (e 2log(m + p) log(1/§) M) time to output
matricesA = AST € RmxO(<log(m+p)logl/s) and B = SB € RO(¢ “log(mtp)log1/d)xp gych that
Pr <||AB — AB||p < €||A| ||B||F) > 1 — §, where M denotes the number of non-zero entries4in

and B altogether. The complexity of the procedure is a fattg(m + p) higher than that of the column-
row sampling approach [23].

Next, we remove théog(m + p) factor by proving the same high probability bound using theosd
claim of Lemma 6. In fact, our method is more general and itlmamsed to turn a large class of matrix
approximation algorithms having low error in the Frobeniasm with constant probability to an algorithm
having the same low error with high probability.

In the case of matrix product by Lemma 6 and Markov's inedqualie have

Fact 7 Given0 < ¢ < 1 let us instantiateé = log 1/ independent copies of the tug-of-war matsix Then
Pr (mini—1. . ||AB — ASI'S;B||, < 2¢||Allz | Bl ) > 1 —36.



However, it is non-trivial to choose the bet Computing||AB — ASZ-TSZ-BH? exactly requires i) one
full AB matrix multiplication (which we are trying to approximai@)at leastQ)(mp) space/time, which is
way too high for us. To overcome this, we will apply the tugwedr trick once more to approximate squared
Frobenius norms and hence pick (almost) the Best S; B. Similarly to Freivalds’ technique fathecking
matrix products our norm estimation method requires a fewaaratrix-vector products only [34] and was
motivated by Lemma 4 of [18].

Lemma 8 LetC be anm x n matrix,0 < A < 1, andQ a A~2 x n tug-of-war random matrix as in Lemma
5. DefineX = ||CQT||%. ThenE (X) = ||C||% and Var (X) < 2A2|C[3.

PROOFE We proceed similarly to Lemma 6. L& = AR andr; denote theth row of the unscaled tug-of-
2

war matrixR. SetY; = ||Cr||3 andcj = C|;). Observe thaHCQTHF S22 A2||Cri)|2 and hence it is

enough to show thé (Y;) = ||C||% andVar( ;) < 2]|C||% hold. Using Lemma 5

E (|cnl3) = ( (ejomi)? ) = ZE( eirri)’) =D lesre) = 1%
j
By the Cauchy-Schwartz inequality al’\(hr = E (X?) — E?(X) it follows from Lemma 5 that for
arbitrary vectors:, y we have thak (((z, ;) ) ) 3|3 ||yH2 Hence

( (¢j,mi) (Ckﬂ“z‘>)2>

BO7) = B((X (e

2
4
3Z||c]»u§uck||§=3(ucu%) =3)C1} -

j7k

IN

ThusVar (Y;) = E (Y?) —E*(Y;) <2 HCH}{‘ O

Observing that the test outlined above trivially extendshtdtivariate matrix polynomials, we are ready
to present our algorithm.

Algorithm 1 Approximate product ol € R™*™ and B € R™*P matrices by tug-of-war sketches

1: fori=1,...,log1/d§ do

2. PickS; € RY/<*" random tug-of-war matrices as in Lemma 5.

3 fori=1,...,log1/d,j=1,...,2(log1/é + loglog1/J) do

4:  Pick Q; ; € R1%*? random tug-of-war matrices as in Lemma 5.

5. ComputeS; B, AS!.
6: ComputeBQ] ; and thenX; ; = A(BQY}).
7
8
9

: Compute($; B)Q7; and thenX;; ; = (AST)(S;BQT)).
D Lety;; = [|Xi; — X%
. Letz; = mediany; ;.

10: Choose™* with minimal z;.

Theorem 9 For Algorithm 1 we have thaPr (||AB — ASLS;-B||,, < V12¢||A| | B z) > 1 — 26 and
E (AB — ASL.S;-B) = 0. If M denotes the total number of non-zeroestiand B then the algorithm runs
in at most two passes inO((m+M)(e2logl/d+ (logl/d)?)) time and uses
O ((m+n+p) (e 2log1/s + (log1/6)?)) space and requires at most two passes over the data.



With Lemmas 6 and 8 at hand the proof is a routine applicatf@@hebyshev’s inequality and hence it is
deferred to Appendix B. Comparing Algorithm 1 to column-rsampling [23] we observe that their proven
bounds are equivalent, but the embedding based Algorithmtends to multiple term matrix products
unmodified unlike column-row sampling. For further discosswe refer the reader to Appendix B.

3 The/, regression

In this section we present an approximation algorithm fer ldast squares regression problem, i.e. given
ann-by-d, n > d, matrix A of reals and al dimensional real vectoh we wish to obtainz,,: = Ath
minimizing || Az — b||,. Recall that the preliminary results proven by Drineas €8, 30] show that if we
sampler’ = poly(¢~!, d) rows from A andb with the sampling probabilities satisfying certain cridéethen
with high probability the optimum solution of thé-by-d downsampled problem gives arapproximation

to the original least squares problem. However, it is unkmevinether the required nonuniform sampling
probabilities can be computed any faster than®ted?) time required to solve the problem exactly.

Firstly, we observe that all the claims and proofs of [29]rgdhrough unmodified if we project the
input by formingr = O(r’) random linear combinations &f andb’s rows as sketches provide good enough
approximation for matrix products (details are omittedic&dly, we independently analyze the random
projection based method and significantly lower the boudgHe required reduced dimensiorfor all
the main statements of [29], i.e. we improve it fram= O(d?/e*) tor = O(e~2), from ' = O(d?/€?)
tor = O(e 'dlogd), and fromr’ = O(d?/e®) tor = O(e 2dlogd). These bounds for sketching are
on par even with those obtainable by a more careful readinpefecent enhanced sampling proofs in
[30]. Thirdly, plugging in the Fast Johnson-Lindenstradisansform (FJLT, Theorem 3) for the random
projection allows us to obtain afi(ndlogn) time algorithm. We remark that fat = O(logn) the exact
solution is efficient itself. In what follows we state the ingparameters andd of the (F)JLT implicitly as
r = Q(é2 - logd) for easier comparison with [29]

The Johnson-Lindenstrauss Lemma states/thagctors fromR™ can be embedded intd(log(k)/e?)
dimensions such that the length of each vector is presemped al + ¢ factor (see Section 1.2). It is easy
to see that given & dimensional subspadé, embedding it inta) (k2 log(k)/€*) dimensions preserves the
length of all vectors fronl/. However, it follows from a lemma of Feige and Ofek [32] basedutting a
grid on the unit sphere that mef¥k/¢?) dimensions are sufficient. We remark that the same lemma and
grid construction also appeared in [12, 51]; [45] containgemker form. Even though the dimension of
the target subspace is significantly higher tlhathe embedding will still turn out to be useful as it can be
constructed without knowing the subspdce

Lemma 10 ([32], see also [8] for a restated proofLet0 < ¢, T = {z : = € %Zk,HxHQ < 1} and

C € RF*k, The number of vectors iR is at moste* (/<o) If for all z,y € T we havelz” Cy| < e then
for all unit vectorz € R*, we havez” Cz| < 5

Corollary 11 Let0 < ¢,6 < 1 andS be a Johnson-Lindenstrauss transform¢/e? - f(§)) dimensions
for some functiory.

e (Subspace JL Lemma) & is a JLT fromR™ and V' is an arbitrary £ dimensional subspace &
then
Pr(voe V(1= v} < ISvll, < (1+ ) 0]3) = 136,



or stated otherwise, i/ € R™** m >k, isa unitary matrix then

Pr(Vie [1.k]: |1 —0;(SU)| <¢)>1-04.

e (Weak) spectral bound for approximate matrix productsA IE R™** B ¢ R**P and S is a JLT
from R* then
Pr (|ASTSB — AB||, < | All, |Bll,) > 1-46.

PROOF, For the first statement ldf € R™** be an orthonormal basis of the subspate SetC =
UTSTSU — I, T" = {Uz : x € T}, andey = 1/2. Applying Corollary 4 to the sef”, from |T'| =
O(exp(k)) it follows that with high probability we have(SUz,SUy) — (z,y) | = |z Cy| < /4 for
everyz,y € T. Hence by Lemma 10 w.h.p. for all unit vecterc R it holds that|z” Cz| < e and thus
|||SUz||5 — |Uz||5| < e proving the first claim. The second statement is just a refitation of the fact
that w.h.p. for any unit length vectar€ R it holds thatl — ¢ < ||SUz||, < 1+ ¢/2.

For the last statement sét = I;, and thusC' = S*'S — I;; and observe thaft ASTSB — AB||, =
|A(STS — 1) B||, < | Ally 1Bl [[Cll,- As C is symmetric we have th4iC'[|, = max |, 1 27 Cz < ¢
concluding the proof. [

Theorem 12 Supposed € R™*4 b € R™. LetZ = mm b — Az, = [|b — Azopt||, , Wwherezy,y = ATb

is a minimizer of the above formula. Let< ¢ < 1 andS be a Johnson-Lindenstrauss Transform filéth
toR” and Z = min [Sb— SAz|, = |Sb — SAZopt||, , WhereZy, = (SA)TSb.
r€eR

e If r = Q(¢~?2) then with probability at leas?/3
Z<(1+¢2Z. 1)
e If r = Q(¢ d - log d) then with prob. at least /3
16— AZgptlly < (1 +€) 2. )

o If r = Q(¢2d - log d) then with prob. at least /3

€
i <
Zopt — Toptlly < Trin(A)

Z. 3)

Furthermore computingi,,: by the Fast Johnson-Lindenstrauss Transform takésdlogn + d*(d +
log? n) log deP) time withp = 1 in the case of (2) ang = 2 in the case of (3), thus fat = w(logn) we
achieve (2) iro(nd?) time ife = w(log d(d + log?n)/n).

PROOP.[InequaIity 1] Applying the JLT to the single vector— Az, by linearity we immediately obtain
= [[Sb — S Aoy, < [S(b— Azop)ly < (1+€) [[b— Avpill, = (1 + €) 2.

[Inequality 2] LetA = UX VT be the SVD ofd andp = rank(A) < d. Additionally setx, 3 € R” and
w € R" such thatdz,,y = Ua, b = Axgp + w and Az — Az, = US hold. Thusw is orthogonal to
colsparil) and||w||, = Z = ||b — Az, and we have that

b — Aoyt = |0 — UB|J5 = 2% + |1 8]]3.- (4)



To upper bound 5||3, recall thatr (.) denotes the column projection operator defined in Secti@arid ob-
serve thaSU (a+ ) = SAZop = SA(SA)TSb = ms4(Sb) = msy(Sb) as colspafiSU) = colsparfSA).
Fromnsy (Sbh) = msy(S(Ua + w)) = SUa + msy (Sw) it follows thatSU S = msy(Sw) and hence

UrsT .sup=vU"sT . Sw. (5)

Now, asr = (p) settinge’ to 1—1/+/2 in Corollary 11 with probability at leag/3 gives usy;(UT STSU) =
02(SU) > 1/+/2 and thus

1815 /2 < [[UTSTSUB], = |[U7 ST S]],
Applying the first statement of Lemma 6 with= +/¢/d to UT andw, from UTw = 0 it follows that
[UTSTSw|; < e lwll} = e22
holds with probability at least/3. By the union bound with probability at least3 we arrive at
18115 < 2¢2*.
Combining the latter with equation (4) we conclude the pafdhe second claim by observing that
Ib— AZopill, < VI+2eZ < (1+€)Z.

[Inequality 3] Reusing the previous proof with— ¢ we have||3||5 < 26222 and A(zop; — Zopt) = U
Thus (SVT)(zope — Topt) = B sincel is orthogonal. Note that for all < i < p we haveo;(XV7T) =
O'Z(A) > 0.

For bounding||zopt — Zoptl|, it is crucial to recall that byry,, = A*b = VE-1UTh is a linear com-
bination of columns of” (the right singular vectors) and heneg, lies in the row space afl denoted by
rowsparfA). Similarly Z,, lies in rowspafSA), which in turn is contained in rowspén), since the rows
of SA are formed by random linear combinations of rowsxbf Consequentlyvopt Topt = Zf 1 Mivi
for somen € R, ||n|ly = ||zopt — Zopt|l,, @and hence -’ = ||8]|3. We establish the third claim by
additionally observing that

zlzz

Umin(A) onpt xopt”z - Umln(EVT HUHQ — \l ZUQ 2 S \IZU Hﬁ”2 < 262 D

Remark. Although Theorem 12 guarantees only a constant probalofiguccess, it is easy to see that by
repeating the projgctio}a)g(l/é) times inequalities (1-3) hold with probability at ledst § for the outcome
7, with minimal Z or Z value, respectively.

It \/[16]15 — 22 > ~ |||, for somed < ~ < 1, then with anyr for (3), with probability at least /3 we
have that|zops — Zopt ||, < 5e < (A)\/y2 — 1) || zopt||, Since it follows from (3) as the proof of inequality
(3.16) in [29] shows.

We conclude this section by observing that the proof of iladitjes (2) and (3) works unchanged for
any matrixS such that|l — 02(SU)| = o(1) andUSTSw ~ UTw. Thus combining the above with
Rudelson’s and Vershynin’s proof of Theorem 1.1 in [49] fouhding the singular values and Lemma 8 in
appendix A.2 of [23] for bounding the norm of the approxim@aatrix product we have the following claim
for sampling/s regression.



2
. U
Claim 13 Letr > 0 and forall1 < i < n setp; = HH[‘”TQH?
F

such thatPr (S(j) = \/677) = p; forall 1 < j < r, wheree; denotes théth unit vector. Then for any

0 < e < 1 inequalities (2) and (3) also hold with probability at leaist3 if » = Q(dlogd + de~!) and
r = Q(dlog d + de~?), respectively.

LetS € R"™*" be a row-sampling matrix

We observe that the FILT never requires more dimensiond fdahén theQ(d log d + ¢~2) obtainable
for sampling if one defers the square root to the very end®@ptioofs in [29, 30]. The latter modification
also yieldsr = O(dlog(d)/e) for the sampling version of inequality (2), which matcheg® bound of the
FJLT. However Claim 13 asks for even less in the case of sampli

4 Relative-error SVD

In this section we present a relative-error approximatg@ar Value Decomposition algorithm, i.e. given
anm x n, m < n, matrix of A of reals we wish to obtainl;, = U, X, V,!, minimizing || A — X} » among
the rankk matricesXjy.

Adapting the proofs of [30] we show that if we for®(k/e) random linear combinations of rows of
A then the best rank-approximation within the (row)space generated by the randoojection achieves
relative-error(1+¢) || A — Ag|| » with constant probability, which we then boost to arbitrhigh probability.
The resulting algorithm runs in timé((M#k/e + (n +m)k?/e?)log(1/6)), whereM denotes the number
of non-zeroes iM.

Theorem 14 Let A € R™*" and recall thatlI (.) denote the row projection operators defined in Section
1.2. If0 < € < 1 andS is anr-by-n Johnson-Lindenstrauss matrix with i.i.d. zero-meahentries and
r = O(k/e) then with probability at least /2 it holds that

A =Tsar(A)llp <A +e) A= Arllp-

Computing the singular vectors spannifig 4 x (A) in two passes over the data requi@$M r-+(m+n)r?)
time andO((m + n)r?) space, wheréd/ denotes the number of non-zeroesdin

PrROOF. We will proceed similarly to the proof of Theorem 1 in [30]tbm a more concise way. Let
A = UXVT be the SVD of4 andp = rank(A). Slightly abusing the notation let matricé% and Up—k
contain the first and lastp — k columns ofU respectively. Observe that for all vectarse R* and
y € R~ by the Pythagorean theorem it holds thak.z + U, _xy||2 = ||Usz||5 + |[U,_xy|3. Hence we
have that| Uy X + U,_Y |5 = [|Us X |3 + ||U,—1Y || % for all matricesX € R¥*" andy € R(#—*)xn,

Now, let D € R™*™ be any matrix of the fornD = U,, - C' - SA with arbitraryC € R¥*" It follows
that

1A — Tsar(A)]} < A - DI} (6)

asrankD) < kand the rows oD lie in the row space af A andIls4 ,(A) is the best rank- approximation
of A from the row space af A. Furthermore, note that

1A= D7 = |4 = A7 + 1A, — DIl ()

sinceA — Ay, lies in the column space @f,_;, and A;, — D lies in the column space &f;.



We setD = A (SAL) T (SA). To complete the proof it is sufficient to show that with prbitiy at least
1/2 we have||A;, — D||% < 2¢||A — A%, since combining the latter with equations (6-7) immedjate
gives us

1A = Mo r( Al < /(1 +26) |4 = A% < (1+ )14 = Ayl

Recall thatr’ ) denotes thgth column of matrixy” and let us consider the regressiotld) ~ Ay, for

j=1,...,n. Note that the best approximation 4f/) from Ay is 74, (A9) = AY) and hence it follows as
equations (4-5) in the proof of Theorem 12 that there existsorss,, . . ., 5, € R* andwy, ..., w, € R™

orthogonal to colspdi/;,) such that

i€ {L,....n} [l =AY — AP|3
vie{l,...,n} : ULSTSULB; = UL ST Sw;, and

STUBI2 = | Ar — Ax(SA)T(SA)| 3 ®)

=1

Fromr = Q(k) and Corollary 11 we havi3;||3 /2 < HUESQS‘UMAE with probability 3/4 for all j as
before. Observing tha is a tug-of-war matrix as well and applying the second statgrof Lemma 6 with
¢ = \/e/kto Ul andw; from U] w; = 0 it follows that

n

B (Z 153 STSwJE) =S E(|UFSTSu;l;) < e lwil3 = €319 — 493
j=1

Thus by Markov's inequality and the union bound we have }igt Hﬁjug < 8]|A — Ag||% holds with
probability at least /2. Combining the latter with equation (8) and rescalingelds the required bound.
Time and space can be bound the same way as in [20] by keeporghamormal basis af A. However,
note thatS is independent of the input and hence we can muliiplyith A in the first pass, compuiés 4 (A)
in the second and obtalrs 4 ;,(A) in two passes altogether. .

Remark. Sincells4 ;(A) is indeed computed as a sequence of two projections it istedsyep track of
the error using| A||% = [|A — Ils4 x(A)||% + [sax(A)]%. Thus we can boost the probability of success
to 1 — ¢ by running O(log(1/4)) independent copies parallel and choosing the instance makimal
sk (A)]5

Moreover the number of random bits required to const&ican be reduced by showing that only the
entries within the firsB (k) rows of S need to be completely independent and that the remaififig'e)
rows can also contain four-wise independent tug-of-watorec The essence of the proof deferred to
Appendix A is that we analyze the effect of the aforementibsigbmatrices af separately by showing that
the adaptive sampling theorem of Deshpande et al. [20] heitiistug-of-war projections as well and then
apply Theorem 14 witla = 1 only.

Deshpande and Vempala also proved [21] that for any matrithereexistsa subsetr of O(klog k +
k/e) rows of A such that||A —IIg;(A)| < (14 €)[|A — Ail|r and their approximate SVD method
indeed finds a® (k% log k + k/€) element row set (see also [30]). Combining Claim 13 with Taao14
it follows that if we sample according to the squared row tea@fVj, then inO(SV Dy (A)) time we can
find anO(klog k + k/¢) element column set’ = AST such that|A — 7¢(A)||p < |A — mep(A)||p <
(14+¢€)||A— Ag|| . Itis easy to see that Theorem 14 and hence the previous ilitgdualds unchanged
if we replaceA; with any matrix By, such thatB, = mx(A), whereX is ak-dimensional subspace. Thus



we can obtain a faster relative-error column-based appration algorithm by applying Theorem 14 twice
and sampling according to the row lengthsSi®f; , , 1) intime O((M (klogk + k/e) + (n+m)(klogk +
k/€)?)log(1/6)) and4 passes altogether.

Lastly, by a result of Drineas and Mahoney [27] Theorem 14 gislds improved low-rank approxima-
tion of higher order tensors in the “unfolding” model.

5 Conclusion

We conclude with two open problems. Does there exist a fasts efficient algorithm fo(l + €)oj41
relative-error low-rank approximation in the spectralm8r What space and time lower bounds can be
proven forany pass efficient approximate matrix produés, regression, or SVD algorithm? And lastly,
from a practical point of view, it is imperative to evaluatedacompare the algorithms discussed in this
paper using large scale synthetic and real world data.
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Appendix

A Relative-error SVD with fewer random bits

In this section we reduce the number of random bits requiredTheorem 14 fromO(4m/) to
O(km' + élog m’), wherem’ = min{n,m}, by proving Theorem 17 . We remark that it is conceiv-
able that the number of random bits required might be fumtb@uced by using the results of [39]. First we
recall one of the key statements of [20]. In what follows |edig A) denote rowspam) for short.

Theorem 15 (Adaptive sampling, Theorem 6 in [20])Let A € R™*™ andVV < R"™ be and arbitrary
vector subspace. Defifé = A — Iy (A). LetS be a random sample afrows fromA such that row: is

2
chosen with probability; = Hfgﬁl’?. Then, for any nonnegative integer
F

k
(HA My yuspans) & (A)]| )S HA—AkH%Jr;HEH%-

After submitting the first version of this paper we learnedwtitthe independent results of Har-Peled
[37] and Deshpande and Vempala [21] on relative-error lamkmatrix approximation. Conceptually [37]
and [21] work as follows. First, through muItipIe pass samgph subspac#j is found such thaNEOH% =
|A — Iy, (A )HF is at mos’gf( )-|A — Ak||F for some functiory. In [21] further rounds of sampling extend
Vo to V3 such thalHEluF =|A—-TIy (4 )HF <O(1)-|A- AkHF Finally Theorem 15 is applied with the
subspacé/; andO(k/e) samples reducing the error tb + €) || A — A/ . Har-Peled [37] improveg (k)
to 1 + e directly using a technique derived from Theorem 15. The l®@ytributions of [37, 21] are finding
the large relative-errovy subspaces.

We sharpen our analysis by using Theorem 15 as well. HowaeeFheorem 14 we find th@(1)-factor
approximation subspadé = spariS;A) < R™ more efficiently in2 passes by projecting the columns of
the input matrixA to O(k) dimensions using af; € RY*)*™ Johnson-Lindenstrauss matrix.

Next, we could immediately apply Theorem 15 and obtain aidytamdom projection and sampling
based method that runs in tind& (Mk/e + (n + m)k?/e?)log(1/6)) and4 passes. Instead, by adapting
Theorem 15 to random projections and showing that a singjegtion is just as powerful as multiple rounds
of adaptive sampling, we derive2gpass algorithm with the same running time.

Claim 16 Let A € R™*™ andV < R”" be an arbitrary vector subspace. Defiie= A — II/(A4). Let
0<e<landS eRT *mpea tug-of-war matrix. Then, for any nonnegative intefger

(HA Iy uspanse),k( )| >§ |A = A3 + 2ke || B3 .

PrROOF. We rephrase the essence of the proofs of [35, 20] in a conpaicher that applies to sampling and
projections as well. S@b = U Uy (A) + U Ul STSE. Similarly to the proof of Theorem 14 observe
that ranK D) < k and that the rows aD lie in V' U spaiiSE). Therefore

|A — Iyuspanse) k(A7 < |A = D|F = |A - AxllF + |Ax — D17, )

where the last equality follows from the fact that the colsna D lie in the column space d¥,. The
unitary invariance of the Frobenius norm aAg = UkUkTA gives us

1A, = D||% = UL A - Uy (A) — UL STSE|% = |UFE - ULSTSE|%. (10)



From the second statement of Lemma 6 dbti||3. = F it follows that E <HU,?E - UESTSEH;) <

2¢k ||E\|%. Combining the latter with equations (9-10) concludes ttaof For the original, sampling
based version of the theorem, see Theorem 15 and [20], wg #mpkolumn-based variant of Lemma 19
instead of Lemma 6 in the last step. O

Theorem 17 Let A € R™*" and0 < ¢ < 1 andS e ROKk/9)xm pe 3 tug-of-war matrix such that the
entries of the firsO (k) rows are completely independent forming&k) x m Johnson-Lindenstrauss sub-
matrix. Then with probability at leadt/4 it holds that

|4 — Ospansaye(A)| 5 < (1 +€) |4 = Al

‘;1 with S; € ROK)*m andS, € ROK/)xm  DefineV; = span(S;A4) and
2

Vo = spanSa(A — 11y, (A))). AsIly, (A) = X (S14) andlly, (A) = Y (S2(A — X851 4)) for someX, Y,
for somelV, Z we have that

PROOFE LetS =

Hspamvlqu)(A) = Wﬂspamvl)(A)—i—ZnspamVQ)(A) = WX(SlA)—I—ZY(SQA)—ZYX(SlA) S Spar(SlAUSQA).

Thus||A —Tispansa)x(A)llr < A —Tspanviuv,),k(A)ll7. From Theorem 14 applied 8 with ¢’ =1
combined with|| A — Hvl( Ne < [|A =Ty, k(A )HFwe have that

Pr([|A =1y, (A)[ p < 2[|A = Agllp) > 1/2.

Conditioning on this event Claim 16 wifti andS, ande’ set toe/(16k) gives us
€
E (/|4 — Uspansax(A)[F = |4 = A7) < 5 14— A

We conclude the proof by applying Markov's inequalityitd — IIspans.) (4) |2—||A — A.||% and observ-

ing thatHA Hspansa),k( H \/ 1+26) |A— Apl|: < (1+¢€)||A — Ag|| holds with probability
atleastl/4. O

B Further discussion of approximate matrix products

In this section we prove Theorem 9 and provide further dsiomson approximating multiple term matrix
products.

Proof of Theorem 9 First we observe that picking the minimum of a few good enoagproximations is
close to the real minimum.

Factl8 Let0 < § < 1,0 < A < 1/2 andY;, i = 1...t¢, be random variables with expectation
u; and assume thaPr (|Y; — p;| > Ap;) < 6/t holds. LetY; = min; Y; and p;= = min; ;. Then
Pr (i < p==(1+4X)) >1-4.



PROOF By the union bound®r (Vi : |Y; — i < Ap;) > 1 — 6. Inthat casgu«(1 — ) < Vi« < Vi <

PrRoOOFE[Theorem 9] By Lemma 6 the algorithm is unbiased forzallFrom Lemma 8 withC' = AB —
AST'S; it follows thatE (y; ;) = ||AB — ASTS;B||5. and Var (y; ;) < 2(1/42)||AB — ASTS,B||,. B
Chebyshev’s inequality

Pr (|y:; — || AB — AST SB[, | > V2V2(1/4) | AB — ASTSB|},) < (1/v2)*,

Thus
0

Pr (\ZZ— HAB ASTSBHF‘ = 1/2HAB ASTSBH > 1og1/5

Leti** = argmin ||AB — ASZ.TSiBHi, by Lemma 18
Pr (|| AB — ASLS: B}, < | AB — ASE.8 B[, (1+4(1/2))) =1 -4,

Recall that by Fact 7 we have thar (HAB — ASZQ*SZ-**BHi < 4e||A|l% HBH%) > 1 -4, and hence by
the union bound

Pr (HAB — ASES; B3 < 3-4¢% || A% ||B||;) >1-20. O

Remark. If it is guaranteed that the entries Bf precede the entries of, than we can run the unmodified
algorithm in a one pass streaming fashion. WithoutAHfellows B assumption, it requires two passes.
It is easy to see that if we replaceS] with A and.S; B with B in Algorithm 1, whereA andB are

the output of théth independent instance afiyalgorithm withE <||AB - AB| |F) bounded then the good

approximation with high probability part of Theorem 9 holdtds also straightforward to modify Algorithm
1 to boost the success probability of any algorithm appretingp(A4, ..., A,) with ¢(By, ..., B,), where
A;, B; are arbitrary matrices and ¢ are polynomials. For example, returning to matrix produats can
also plug the following in.

Lemma 19 (Lemma 8 in appendix A.2 of [23]) Let the probability of picking column-row pakrbep, =

(k)
””A” ”2 . Pick1/€e? column-row pairs and form matriceS, R as in BasicMatrixMultiplication of [23]. Then
F

E (4B - CR|}) < &) Al% B}

B.1 Product of more than two matrices

In this section we observe that Algorithm 1 in itself and aldith Lemma 19 can be used unaltered to
approximate multiple term matrix products as well. In casty one cannot apply column-row sampling
[23] and useABC = A(BC) directly to approximateBC first and thenABC' since we need to sample
non uniformly according to the row lengths fraBC, which is not clear how to do, if the elements B’

are not available (computing the product takes quadraticespnd time). Appendix A.1 of [23] suggests an
extension of sampling for the product of three matrices, dw@w it concludes that the computation of the
sampling probabilities requires quadratic space and tingeeneral. Nevertheless in Appendix B.2 we show



that it is possible to reduck term matrix product approximation to sampling two term g at a price
of Q(k?) blowup in space. The resulting procedure is more cumbersbarethat of this section and has
weaker error bounds.

Using A1 Ay ... A = (Ar ... A1) Ax Algorithm 1 requires one pass if the matrix elements arnive i
Ay, ..., A; order and comes with the following bound

Pr <HA1 A= AL A1 SES A < V126 || Ar L A ||Ak||F) >1 - 25,

Or it finishes ink passes independent of the element order and we can bBreak A; at an arbitrary
position.

For Algorithm 1 combined with Lemma 19 observe thatA, . .. A, = A;1(As ... Ax) and then we can
select theith row of (A, ... A;) by computing the produet! A, ... Ax. Hence it requires one passAf
comes first column grouped and the remaining matrix elersamitge in A,, . .., A; order and comes with
the following bound

Pr(HAl...Ak—

Ge || A1l HAg...Ak]]F> >1- 26,

Or it finishes ink passes independent of the element order.

B.2 Approximating multiple term matrix products with colum n-row sampling

In this section we give an extension of the column-row samgpiéchnique of Drineas et al. [23] for approx-
imating matrix chain products. First we generalize Lemmaoénf[26] for approximating even products
and observe that time and space complexity grow quadrgtiwéth the number of matrices involved. Then
we reduce odd chains to even ones with a rather costly SVD etatipn. Additionally, in both cases the
obtained bounds are of weaker form than that of Section Bdlhence we present these result primarily for
comparison.

To approximate ever; B; ... A; B; products let us sampléd; and B; (obtainingC;, R;) as if we were
to computeA; B; and then writeCy R{C3Rs ... CiR; asC1 - ((R1C2)(R2C3) ... (Ri—1C)) Ry).

Lemma 20 If we sampleQ(e~2 log(1/4)) column-row pairs for each term,; B; then

l
r (HAlBl .. AB—CiRy ... ClRlHF < ((1 + e)l — 1) H HAZHF HBZHF> >1-—10.
=1

PrROOF By the union bound for all ||C;R;|| < [|[AiBillp + ||CiRi — AiBillp < (1 4 €) || il g || B o
Note that4,B; ... AB,—CiR;...CiR; = Zz 1(HZ ! C R; ) A‘BZ‘ — CZ‘RZ')(HZZZ-JA CkRk) Hence

l l l
[A1By... 4By = CiRy ... CiRi|p < <H [ Aill \IBz\|F> ey (146 = (4o =) [T 114l p I1Bill - O
i=1 1=1

=1

For not too large(1 + €)' ~ 1 4 le. Thus we need to run column sampling with parametef 6/1),
which results in a factd® blowup in space. 14, € R™*" andB; € R™*™i+1 then the time of the "cheap”
RiCiy1, (I2)€% x n;) - (n; x 12/€%) term isO(1* /e*n;), assuming that we compute matrix products naively.
This corresponds to a factét/<? increase with respect to the time needed just to sample tudsan-row



pairs. UnlessA; = B!, when||C;| » = ||Ri||» = || A4: , no bound is known fo{C;|| - - || R; || in terms

of || 4;]| » - || Bil| » and thus we cannot go further and sample i€’;, products as well. In any case, by

submultiplicity of the matrix norm the bound obtained viangding is weaker than that of Section B.1.
Turning to odd chains observe that inserting an extra » identity matrix increases error by gn

factor. Hence we rather reduce length= 2!/ + 1 odd chains to even products by running an approximate

SVD in the spectral norm [28, 3] od; € R™1*"2 to obtain matricesX € R™*", Y € R"*"2, such that

Pr (||A; — XY, < ||A1 — (A1)r|ls + €]|A1]| ) > 1 — /2. Note that

r rank(4,)
A1 = (Ar),l5 = 021 (A1) S 02(A) < o?(A)/r < > of(Ay)/r=|Al7/r

i=1 i=1

Hence for any0 < ¢ < 1 with r = 1/€2, |4} — XY ||, < 2¢||A1|p. Let B = Ay...Ay.q, and
run the approximate matrix multiplication algorithm ongréven product, and obtai¥, R such that

Pr <||B — CR||p < e[I2H! HAzHF) > 1 - 6/2. Finally we approximatd [*-1' 4, = A;B as X -

((YC)R), where all but the last multiplications are cheap.

Now letA4, = A — XY andAp = B — CR and note that by the union bound with probability at
leastl — 4, [|Aq, |, < 2¢]|41] and||Ap|l, < e[T225" |4l . Additionally observe that for arbitrary
matricesG, H it holds that|GH || . < |G|, ||H|| . Hence

[A1B = XYCR|p = [[A1B—(A1+Ax)(B+Ap)|p
< [AaBlp + A8y + |24, Asllp
< NAala 1Bl + [Atllg 125l p + A4, Iy 1AB] £

20+1

(2e +e+2¢%) [ ] 14illp
=1

IN

20+1

se [T I4ilp-
i=1

To achieve the same error bound as for even chains we needtoxapate the SVD with parameters
(1/€2,¢,6/2) and the matrix multiplication witki~ ¢ /1, §/(21)). Using either LinearTimeSVD or Constant-
TimeSVD [28] for computing matriceX andY requiresO(n;/e*) additional space an@ (ny/e® + 1/¢'2)
time.

IN



