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Abstract

Recently several results appeared that show signifi-
cant reduction in time for matrix multiplication, singular
value decomposition as well as linear ({3) regression,
all based on data dependent random sampling. Our key
idea is that low dimensional embeddings can be used to
eliminate data dependence and provide more versatile,
linear time pass efficient matrix computation. Our main
contribution is summarized as follows.

e [ndependent of the recent results of Har-Peled and
of Deshpande and Vempala, one of the first — and to
the best of our knowledge the most efficient — rel-
ative error (1 + €) ||A — Ap|| p approximation al-
gorithms for the singular value decomposition of
an m x n matrix A with M non-zero entries that
requires 2 passes over the data and runs in time

) ((M (& + klogk) + (n+m) (& +/<:10gk)2) log%).

e The first o(nd?) time (1 + €) relative error approx-
imation algorithm for n x d linear ({s) regression.

e A matrix multiplication and norm approximation
algorithm that easily applies to implicitly given ma-
trices and can be used as a black box probability
boosting tool.

1. Introduction

This paper develops and analyzes fast approximation
algorithms for fundamental linear algebra problems such
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as singular value decomposition (SVD), linear ¢ regres-
sion and the computation of matrix products. Our mo-
tivation comes from the widespread use of these tools
in data mining [9]. Prominent applications of low rank
matrix approximation by SVD include recommendation
systems [23], information retrieval via Latent Seman-
tic Indexing [11, 43], Kleinberg’s celebrated HITS al-
gorithm for web search [39, 2], clustering [20, 42], and
learning mixtures of distributions [38, 4] just to name a
few. Classification can be solved by regularized regres-
sion [27] and text database querying by matrix-vector
products [13].

While polynomial, all the three matrix operations
mentioned above are computationally intensive when
performed exactly. For example dense SVD methods
require O(m?n) time and O(mn) space on an m x n,
m < n, matrix [33], both of which are prohibitively
large even for moderate size datasets arising in current
applications. Even for sparse data it is often the case that
the input far exceeds the main memory and hence we
generally restrict ourselves to the pass efficient ,,stream-
ing” model of computation [35]. Here access to the in-
put is limited to a constant number of sequential scans
and RAM usage depends sublinearly on input size. Also
note that sparse iterative SVD methods [33] alone are
not suitable for streaming computation as their conver-
gence speed is unknown a priori and thus generally they
require too many passes over the input. Similarly, ap-
proximate SVD schemes based on the Lanczos or power
method require 2(log m) passes [40, 34].

Recently a large number of results appeared that
prove bounds for non-uniform sampling to speed up ap-
proximate matrix operations [32, 43, 3, 21, 26, 22, 24,
44, 18]. These results provide error guarantees that de-
pend on the Frobenius norm of the input matrices and
hence may incur a large additive term. An exception
among sampling based techniques is the sequel of re-



sults of Drineas et al. [27, 28, 29], Har-Peled [34], and
Deshpande et al. [18, 19]. In the case of regression
and singular value decomposition by using very special
distributions for sampling they show that there exists a
small subset of the input which contains a relative error
approximation. However, [27, 28, 29] give no advice
for implementing the sampling procedure any faster than
solving the original problem.

Low distortion embeddings also called ‘““sketches” are
known to outperform sampling in certain applications
[12, 45]. Our key techniques to improve previous algo-
rithms for singular value decomposition, /o regression
and matrix multiplication are Johnson-Lindenstrauss
type embeddings [37]. Ironically, one of the first ap-
proximate singular value decomposition algorithms [43]
was also embedding-based.

Our central result is a relative error SVD algorithm
(Theorem 14). Extending the work of [28, 32, 18]
we show that if we form (k/e + klogk) random lin-
ear combinations from the columns of A € R™*",
then the best rank-%k approximation within the column
space generated by the random projection achieves rel-
ative error (1 + €) ||A — Ayl with constant probabi-
lity. By repeating the procedure and choosing the best
approximation we obtain the same error bound with
high probability. The algorithm requires two passes
over the data and runs in time O((M (k/e + klogk) +
(n +m)(k/e + klogk)?)log(1/d)). Independently of
our work Har-Peled [34], and Deshpande and Vempala
[19] also proved similar results. However, our procedure
is faster in terms & than the more efficient of those, [19]
that necessitates O (k log k) passes.

We also present the first o(nd?) time (1 + e)-
approximation algorithm for ¢y regression with coef-
ficient matrix A € R4 n > d = w(logn),
by replacing sampling in [27] with embeddings (The-
orem 12). We offer novel analysis with improved
bounds compared to [27], lowering the required num-
ber of reduced dimensions for sketches for example
to O(dlogd/e) that matches to the enhanced bound
of [28] for sampling. Plugging in the fast Johnson-
Lindenstrauss transform of Ailon and Chazelle [5] al-
lows us to obtain an O(ndlogn) time algorithm for e
down to w(d(log d + log®n)/n).

As the simplest applications of our technique we
derive algorithms for approximating matrix products
whose time and space usage and error bound match
to that of the column-row sampling based method [21]
(Theorem 9). Unlike [21] our algorithms extend un-
changed to approximating chain products and most im-
portantly come with much stronger element-wise error

bounds and work for approximating products of un-
known matrices. The /5 regression and SVD results are
based on precisely these properties. En route we also use
embeddings to estimate the Frobenius norm of implic-
itly formed matrices akin to Freivalds’ technique [31]
(Lemma 8). This estimate then can be used as a black
box tool to boost the probability of correctness.

The rest of the paper is organized as follows. After
describing related results and basic facts about embed-
dings we give approximate matrix product and approx-
imate error testing algorithms in Section 2. Based on
these in Section 3 we give our new linear (¢5) regression
results. These results are used finally in Section 4 in our
SVD algorithm.

1.1. Comparison with previous results

Except for [43, 41], to the best of our knowledge, all
prior work on speeding up matrix operations is based on
sampling. Cohen and Lewis set up random walks to ap-
proximate non-negative matrix products [13]. In their
ground-breaking paper Frieze, Kannan, and Vempala
[32] showed that given matrix A, through non-uniform
sampling it is possible to select a O(poly(k, e~1)) sized
submatrix C' of A such that i) with the help of C the de-
scription of a rank k£ matrix Zl\k can be computed in con-
stant time and ii) HA - Zl\kH < 1A = Agllp + €| All p
holds with high probability, lejhere Ay, denotes best rank-
k approximation. Subsequent research based on sam-
pling entire rows or columns with probability propor-
tional to their squared Euclidean length resulted in more
practical algorithms and refined analysis both for SVD
[26, 22, 44, 18] and approximate matrix products [21].
Other line of research is based on random sparsification
and quantization [3, 21].

Although at first it may seem contradictory, approxi-
mate matrix product algorithms do not compute the final
result itself, but reduce the problem two the product of
two smaller (or sparser) matrices. If needed the latter
can be more easily multiplied with the preferred exact
method [33, 15, 14].

Returning to SVD, the best preliminary result with
respect to the Frobenius norm was derived by Desh-
pande and Vempala [19] independently of our work,
and shows that if we sample O(k?logk + k/¢) rows
from A in O(klogk) passes in an adaptive manner
[18], then the best rank-k approximation within the
(row)space generated by the sample achieves relative er-
ror (1 + €)||A — Ag||» with probability at least 3/4.
That algorithm runs in time O(M (k*logk + %) +
(m + n)(k?logk + %)2) where M denotes the num-



ber of non-zeroes of A. While improving the running
time, we also reduce the number of passes to 2. His-
torically the first relative-error SVD was given by Har-
Peled [34], also independent of this work. Besides run-
ning in O(logn) passes it is slower then the other two
approaches as its running rime depends on the size of
the input matrix mn instead of the number of non-zero
entries M.

As the first of the two preliminary results for the least
squares regression problem Drineas et al. [27] proved
that if we sample ' = poly(e~!,d) rows from A
and b with the sampling probabilities satisfying certain
criteria, then with high probability the optimum solu-
tion of the ’-by-d downsampled problem gives an e-
approximation to the original least squares problem. The
same authors go a step further in [28] by showing that
it is possible to construct a rank O(k log k/e?) matrix
which approximates A to error (1 +€) ||A — Ay and
its columns are expressible as linear combinations of a
O(klog k/€?) sized subset of columns of A.

The crux of all column or row sampling proofs are
the results that sampling provides good enough approxi-
mation for matrix products if the sampling probabilities
are proportional to the column and row lengths of the
matrices in question [21]. In fact uniform sampling is
insufficient as [10] shows. In [27, 28, 29] these results
are then applied to products arising from the singular
value decomposition of the input. However, as noted, it
is unknown whether the required nonuniform sampling
probabilities can be computed any faster than the time
required to solve the problem exactly.

In contrast, we observe that data independent ran-
dom projections approximate dot products well, and
hence are also capable of approximating matrix prod-
ucts within the same bounds as data dependent sam-
pling. Our improved analysis for /5 regression directly
exploits the low distortion of dot products.

1.2. Preliminaries

Linear algebra and notation. Let column vectors
Ay and A denote ith row and column of matrix
A € R™" Let |All, = max)),=1 [|Az[/, and
[Alp =
norm of A respectively. The Singular Value Decomposi-
tion (SVD) of a rank p matrix A is givenby A = UX V7T
with U € R™*P, ¥ € RP*P and V € R"*P. By the
Eckart-Young theorem the best rank-% approximation of
A with respect to both the Frobenius and spectral norms
is Ay, = UpXi VI, where Uy, € R™*F and 1}, € R™*F
contain the first £ columns of U and V' and the diag-

,/Zafj denote the spectral and Frobenius

onal ¥;, € RF** contains first k entries of ¥. For a
subspace V' < R™ let 7y (A) denote the matrix formed
by projecting every column of A to V. Similarly, let
vk (A) denote the best rank-k approximation of A with
its columns in V, i.e. my i (A) = (my (A))x. Addition-
ally, given matrix B let colspan(B) € R" denote the
subspace generated by its columns and we use the sim-
plified notation 7  (A) for Teolspan(B),k (A). Further-
more let 0;(A) = ¥;; denote the ith singular value of
A and let opmin(A) = 11 and omax(A) = Tpp. The
condition number of A4 is K(A) = omax(A)/Tmin(A).
The Moore-Penrose generalized inverse of A can be ex-
pressed in terms of the SVD as AT = VX ~1U”. For
further linear algebra we refer the reader to [33].
Random projections. Johnson-Lindenstrauss’s
seminal paper [37] was followed by several variants
and proofs of low-distortion embeddings [30, 36, 17].
Throughout this paper we will make extensive use of
three flavors of /o — /(5 embeddings (Theorems 2 &
3, and Lemma 5); we list their properties now.

Definition 1 A random matrix R € RF*" forms
a Johnson-Lindenstrauss transform with parameters
€,0,d, or JLT(e, 6, d) for short, if there exists a function
f that for any 0 < €,0 < 1, positive integer d and d-
element subset V. C R", where k = Q(loe%if(é))for all
v €V holds that (1 — €) |[v]|5 < |Ru[l3 < (1+¢€) ||v]|3
with probability at least 1 — 6 .

Theorem 2 (The Johnson-Lindenstrauss Lemma [17,
Let 0 < €,6 < land S = ﬁR € R*¥*™ matrix such

that the R;; ~ N (0, 1) entries are independent standard
normal random variables. If k = Q(e~2log dlog(1/4))
then S is a JLT (¢, 4, d) .

For practical applications the N (0, 1) entries can be
replaced by random =+1 variables [1, 8]. Recently Ailon
and Chazelle showed [5] that a significantly sparser em-
bedding matrix R suffices if inputs are preconditioned
with a randomized Fast Fourier Transform and obtained
aJLT(e,2/3,d) which is faster to compute.

8])

Theorem 3 (The Fast /5 — /5 Johnson-L. Transform [5])

Let § = \/%PHHD, where D is an n x n diagonal
matrix with entries being independent uniformly ran-
dom +1, H,, denotes the Hadamard-matrix of size n
(w.l.o.g. we assume that n is a power of 2), and the
entries of the k = O(e 2logd) x n matrix P are i.i.d.
N(0,q~Y) with probability q, and 0 otherwise, where
N = max{n,d} and ¢ = min{O(n"'log? N),1}. Let
€o be an absolute constant. Then for any ¢ < eg and
V. C R", |V| = d, with probability at least 2/3 the
following two events occur:




e Forallv € V it holds that (1 — €) ||v||§ < ||Sv||§ <
(L+0) o]l

e For all v € R"™ computing Sx takes O(nlogn +
e 2log? N log d) time.

Now let us consider the dot product (Su,Sv) for
u,v € V. By the parallelogram rule it is easy to see
[8, 43] that if S distorts squared norms by factor of at
most 1 & € and the set V' contains unit length vectors
only then | (Su, Sv)—(u,v) | < e. If u = 0 then trivially
(80, Sv) = (0,v) = 0forall v. If u # 0 and v # 0 then

by linearity (Su, Sv) ||u||2|\v||2< . sH;l|2>

and therefore we also have the following stronger corol-
lary, to which we will often refer to.

Corollary 4 If S is a JLT(¢,0,d), 0 < € < 1, then for
any V. C = d with probability at least 1 — §
for all w,v € V it holds that (u,v) — €||ully||v], <
(Su, Sv) < (u,v) + € lully [[v]],-

The last ingredient of our proofs was presented by
Alon, Matias, and Szegedy in their seminal paper [7].

Lemma 5 (Tug- of-war sketch, [7,6]) Let 0 < € < 1
and S = eR € R “*" be a random matrix such that
rows of R are independent and each row consists of
a vector of four-wise independent zero-mean {—1,+1}

random variables. Then for any x,y € R"™ we have
that E ((Sz,Sy)) = (x,y) and Var ((Sz,Sy)) <

2¢2 123 lyll3-
2. Matrix multiplication

In this section we demonstrate the versatility of
sketches by devising pass efficient algorithms for ap-
proximating matrix products. The algorithms to be pre-
sented are based on the following simple, but powerful
observation.

Lemma 6 Let A € R™*"™ B ¢ R"*P,

olf S is a JLT(¢,0,(m + p)), then
Pr (||AB — ASTSB||, < €| Al |Bllp) >1-6.

o If S is €2 x n tug-of-war random
matrix  then E(ASTSB) = AB and

E (|| AB - ASTSB|,) < 2¢ | All}. | B

PROOF: Set ay = A, and by = B, Note that
(AST)(;) = Sa; and (8B)Y) = Sb; and thus Yj; =
(AB)i; — (ASTSB);; = {(a;,bj) — (Sai, Sb;).

For the first claim let V' = {a1, ..., am,b1...,bp}.
Then by Corollary 4 with probability at least 1 — ¢ for
all 7, j we have that |Y;;| < € la;||, [|b;]|, , and thus

2 2
Zyj < ZGQ llaills 116515
i, 0,

2 2
e [|All7 1B -

|AB — AS"SB|’,

For the second statement observe that by Lemma

5 the expected value E (Y;;) = 0 and consequently
2 2

E (V) = Var ((Sai,Sb;)) < 2¢*[laill; [[b];. O

Combining the first statement of Lemma 6 with
Lemma 2 immediately gives us a one pass algorithm
which uses O (e~ 2log(m + p)log(1/8)(m + p)) space
and O(¢ ~2log(m + p)log(1/6) M) time to output ma-
trices A = AST e RmxO(c *log(m+p)log1/6) apq
B SB € RO *log(mtn)og1/6)xp quch that
Pr(HAB ABH < e|\A||FHB||F) > 1 6, where

M denotes the number of non-zero entries in A and B
altogether. The complexity of the procedure is a factor
log(m+ p) higher than that of the column-row sampling
approach [21].

Next, we remove the log(m + p) factor by proving
the same high probability bound using the second claim
of Lemma 6. In fact, our method is more general and it
can be used to turn a large class of matrix approximation
algorithms having low error in the Frobenius norm with
constant probability to an algorithm having the same low
error with high probability.

In the case of matrix product by Lemma 6 and
Markov’s inequality we have

Fact7 Given 0 < § < 1 let us instantiate t = log 1/
independent copies of the tug-of-war matrix S;. Then
Pr (minizlmt ||AB — ASiTSiBHF <2el|lAll ||B||F) >
1-4.

However, it is non-trivial to choose the best S;. Com-
puting ||AB — ASiT&BHi, exactly requires i) one full
AB matrix multiplication (which we are trying to ap-
proximate) ii) at least Q(mp) space/time, which is way
too high for us. To overcome this, we will apply the tug-
of-war trick once more to approximate squared Frobe-
nius norms and hence pick (almost) the best ASiT S;B.
Similarly to Freivalds’ technique for checking matrix
products our norm estimation method requires a few ex-
tra matrix-vector products only [31] and was motivated
by Lemma 4 of [16].



Lemma 8 Let C be an m x n matrix, 0 < \ < 1, and
Q a \~? x n tug-of-war random matrix as in Lemma
5. Define X = ||CQTH? Then E (X) = ||CH?, and
Var (X) < 2X%|C||5.

PROOF: We proceed similarly to Lemma 6. Let Q =
AR and r; denote the 7th row of the unscaled tug-of-war

matrix R. SetY; = HCmH% and c; = C;. Observe that
||C’QT||; = El/)‘z 2?2 ||C’m||§ and hence it is enough
to show that E (Y;) = ||C||% and Var (Y;) < 2||C|[3

hold. Using Lemma 5

E (|ci)3)

> ejre) = ICII% -
J
By the Cauchy-Schwartz inequality and Var (X) =
E (X?) — E? (X) it follows from Lemma 5 that for ar-
bitrary vectors z, y we have that E (((z, r;) (y,7:))?) <
2112
3 |lz[|5 |ly||5- Hence

E(Y?) = E((Z<Cj,w>2)2)
= ZE( ({cj,mi) ( ck,ri>)2)
2
< 3 Nl lewl3 = 3 (IC13)” = 31Cl-
7,k
Thus Var (Y;) = E (Y?) - E*(Yi) <2|C||. O

Observing that the test outlined above trivially ex-
tends to multivariate matrix polynomials, we are ready
to present our algorithm.

Theorem 9 For Algorithm 1 we have that
Pr ([AB — ASES: B|, < VI2e||All |Bly) >
1 — 20 and E(AB—AS;;&*B) = 0. If M de-
notes the total number of non-zeroes in A and B
then the algorithm runs in at most two passes in
O ((m+ M) (e 2log1/5 + (log 1/6)?)) time and uses
O ((m+n+p) (e *og1/é + (log1/6)?)) space and
requires at most two passes over the data.

With Lemmas 6 and 8 at hand the proof is a rou-
tine application of Chebyshev’s inequality and hence
it is omitted. Comparing Algorithm 1 to column-row
sampling [21] we observe that their proven bounds are
equivalent, but the embedding based Algorithm 1 ex-
tends to multiple term matrix products unmodified un-
like column-row sampling. We defer further discussion
to the full version of this paper.

(5 ) - B ()

Algorithm 1 Approximate product of A € R™*"™ and
B € R™*P matrices by tug-of-war sketches
I: fori=1,...,log1/6 do
2: Pick §; € RY<**" random tug-of-war matrices as in
Lemma 5.
3: for ¢ =
loglog 1/6) do
4:  Pick Q;; € R'6%P random tug-of-war matrices as in

Slogl/, j = 1,...,2(logl/0 +

Lemma 5.
Compute S; B, AST .
Compute BQ and then X; ; = A(BQz:j).

Compute (S; B)QT and then X, = (AST)(S:BQT)).
Lety;; = HX” fX” -

Let z; = median;y; ;.
Choose ¢* with minimal z;.

@Y ® 3w

—_—

3. The /; Regression

In this section we present an approximation algo-
rithm for the least squares regression problem, i.e. given
an n-by-d, n > d, matrix A of reals and a d dimen-
sional real vector b we wish to obtain z,,; = AT b min-
imizing ||Az — b||,. Recall that the preliminary results
proven by Drineas et. al. [27, 28] show that if we sample
7" = poly(e~!,d) rows from A and b with the sam-
pling probabilities satisfying certain criteria, then with
high probability the optimum solution of the r’'-by-d
downsampled problem gives an e-approximation to the
original least squares problem. However, it is unknown
whether the required nonuniform sampling probabilities
can be computed any faster than the O(nd?) time re-
quired to solve the problem exactly.

Firstly, we observe that all the claims and proofs of
[27] carry through unmodified if we project the input by
forming » = O(r') random linear combinations of A
and b’s rows as sketches provide good enough approx-
imation for matrix products (details are omitted). Sec-
ondly, we independently analyze the random projection
based method and significantly lower the bounds for the
required reduced dimension r for all the main statements
of [27], i.e. we improve it from r' = O(d?/€*) to r =
O(e72), from 1" = O(d?/€*) to r = O(e~'dlogd),
and from 1’ = O(d?/€?) tor = O(e~2dlogd). These
bounds for sketching are on par even with those ob-
tainable by a more careful reading of the recent en-
hanced sampling proofs in [28]. Thirdly, plugging in
the Fast Johnson-Lindenstrauss Transform (FJLT, The-
orem 3) for the random projection allows us to obtain
an O(ndlogn) time algorithm. We remark that for
d = O(logn) the exact solution is efficient itself. For



easier comparison with [27] we state the input parame-
ters € and d of the (F)JLT implicitly as r = Q(é~2-log d)
in the next lemma and theorem.

The Johnson-Lindenstrauss Lemma states that k& vec-
tors from R™ can be embedded into O(log(k)/€?) di-
mensions such that the length of each vector is preserved
up to a 1 + € factor (see Section 1.2). As a consequence
we prove that given a k£ dimensional subspace V, em-
bedding it into O(k log(k/€)/e®) dimensions preserves
the length of all vectors from V. Even though the dimen-
sion of the target subspace is significantly higher than £,
the embedding will still turn out to be useful as it can be
constructed without knowing the subspace V.

Lemma 10 Let V' be an arbitrary k dimensional sub-
space of R™ and 0 < €,§ < 1.

If S is a Johnson-Lindenstrauss transform from R™ to
O(klog(k/e)e=2 - f(8)) dimensions for some function
f, then

Pr (Vv eV :||vll, = [Sv],]| <ellvl,) >1-4.

PROOF: If v = 0 then trivially ||SO||, = 0 else by lin-

earity ||Sv||y = v, HS H and hence w.l.o.g. we
2

ol
can assume that [[v||, = 1. The key idea of the proof
is that we ,,cover” the unit sphere with a finite set H’
such that each point of the unit sphere is close enough to
an element of H'. So, let {u;} be an orthonormal basis
of Vand set U = [uy,...,u;]. Additionally let H be
a ¢ = min{\/e/k, e/\Vk}-fine grid on [—1,1]* and set
H' = {Uhlh € H}. Observe that |[H'| = O((k/e)*).
Applying Corollary 4 to {uy, ..., us } UH’, for arbitrary
Uy € V we have that

k k
STyl = D> (Swiyi, Sujy;) 1)
i=1 j=1
2 2 2
< lylls + e lwillysl = llyll; + e llyll -
4,7

Note that ||SUy/|, is close to ||y||, if ||y||, is not too
large. To exploit this observe that for any x € R¥ with
lz||, = 1 there exists an h € H such that |||, < 1,
|z —hl, < Vke < e, and ||z — b, < ke < Ve It
follows that 1 — € < ||hl|, = ||Uh||, and hence by the
Johnson-Lindenstrauss property 1 — 2¢ < (1 — €)% <
|SUR|, <1+e.

Now, for an arbitrary point on the unit sphere v
Uz € V, ||z||, = 1, inequality (1) with y = x —
gives us [|SU(x — W)} < Jlz = hl}2 + ez — A
&+ e/c = 2% Thus |SUzl|, < |SUA, +

IN = |l

[SU(z —h)|ly, < 1+ e+ 2 < 1+ 3e. Similarly
|SUz|, > |SUR||y—||SU(z — h)||, > 1—4e. Rescal-
ing e concludes the proof. [

Corollary 11 Let 0 < ¢,§ < 1 and S be a Johnson-
Lindenstrauss transform for some function f.

o I[fU € R™k m >k isa unitary matrix and S is a
JLT from R™ to O(klog(k/€)/€* - f(8)) dimensions,
then

Pr (Vi€ [1.k] |1 - o(SU) < e) > 1—0.

o (Weak) spectral bound for approximate matrix prod-
ucts. If A € R™*™ B € R"*P and S is a JLT from
R™ to O(nlog(n/e)/€? - f(8)) dimensions, then

Pr (||AS"SB — AB||, < | All, IB],) > 1—6.

PROOF: The first statement is just a reformulation of the
fact that by Lemma 10 with high probability for any unit
length vector x € R¥ it holds that 1 — ¢ < [|SUz||, <
1+e

For the second statement observe that
|ASTSB - AB|, = |ASTS-1,)B|, <
Al 1Bl ||STS = I]|,- As STs — 1,
is symmetric we have that [STS—1I,|, =
max||;|,=1 2T (8TS — I,)x and hence it is suffi-
cient to prove that 27878z = ||Sz|2 < 1 + € holds
with probability 1 — ¢ for all unit length z € R".
Applying Lemma 10 to V' = R” < R™ with ¢ = ¢/3
establishes the claim. [

Theorem 12 Suppose A € R"*% b ¢ R". Let Z =
min [|b — Az, = [|b— Azopt|l, , where zop = ATb
rERY

is a minimizer of the above formula. Let 0 < ¢ < 1 and
S be a Johnson-Lindenstrauss Transform from R" to

R” and Z = min |Sb — SAz|, = [|Sb — SAZop|, »
reR®
where Topt = (SA)TSb.
o Ifr = Q(e2) then with probability at least 2/3

Z<(1+6Z. (2)
o Ifr = Q(e'd - logd) then with prob. at least 1/3
b — AZope]l, < (14€)Z. 3)

o Ifr = Q(e2d - logd) then with prob. at least 1/3

~ €
onpt - xoptHQ < mz 4)



Furthermore computing Ty by the Fast Johnson-
Lindenstrauss Transform takes O(ndlogn + d?(d +
log?n)logde™) time with p = 1 in the case of
(3) and p = 2 in the case of (4), thus for d =
w(logn) we achieve (3) in o(nd?) time if ¢ =
w(d(log d + log® n)/n).

PROOF:[Inequality 2] Applying the JLT to the single
vector b — Ax,,;, by linearity we immediately obtain

Z = [|Sb _SAjoptHg <[|S(b - Amopt)”Q
< (I+e]b- AxoptHQ =(1+¢Z.

[Inequality 3] Let A = UXVT be the SVD of A and
p = rank(A) < d. Additionally set o, 8 € R” and
w € R™ such that Az, = U, b = Azopr + w and
AZopt — Aoy = U hold. Thus w is orthogonal to
colspan(U) and |lw|[, = Z = ||b = Azypl|, and we
have that

b = AZopells = llw = UBJ5 = 2+ |8l5. (5

To upper bound || 3 Hg, recall that 7 (.) denotes the pro-
jection operator defined in Section 1.2 and observe that
SU(a+ B) = SATop = SA(SA)TSb = 154(Sb) =
msu(Sb) as colspan(SU) = colspan(SA). From
WSU(Sb) = WSU(S(UOé + w)) = SUa + 7T3U(Sw)
it follows that SU = sy (Sw) and hence

UrsT.sup=UTST . Sw. (6)

Now, as r = (plogp) setting € to 1 — 1/v/2 in
Corollary 11 with probability at least 2/3 gives us
o (UTSTSU) = 02(SU) > 1/+/2 and thus

1813 /2 < [UTSTSUB|; = |UTSTSw;.

Applying the first statement of Lemma 6 with ¢ =
Ve/dto UT and w, from UTw = 0 it follows that

[UTSTSw||2 < €lw]? = e22

holds with probability at least 2/3. By the union bound
with probability at least 1/3 we arrive at

1815 < 2¢22.

Combining the latter with equation (5) we conclude the
proof of the second claim by observing that

b — AZigpr]ly < VIF 262 < (1+€)Z.

[Inequality 4] Reusing the previous proof with € « €2

we have ||5H§ < 26222 and A(zopt—Zopt) = U3. Thus

(SVT)(Zopt — Topt) = [ since U is orthogonal. Note
that for all 1 < i < p we have 0;(SV7T) = 0;(A) > 0.
For bounding [|ops — Zopt ||, it is crucial to recall
that by 2o = A0 = VE~1UTb is a linear com-
bination of columns of V' (the right singular vectors)
and hence z,,; lies in the row space of A denoted by
rowspan(A). Similarly Z,,; lies in rowspan(SA), which
in turn is contained in rowspan(A), since the rows of
S A are formed by random linear combinations of rows
of A. Consequently Topr — Topt = D oy Mv; for
some 7 € R?, ||n|l, = |Topt — Toptll,» and hence
?_ o2 = ||B]5. We establish the third claim by
additionally observing that
Tmin(SVT) [|n]l, =

Omin(A) ”xoz)t - foz)tHz =

p P

2,2 2,2 _
E:Upni < E oy =
i=1 i=1

18], < 4eZ. O

Remark. Although Theorem 12 guarantees only a con-
stant probability of success, it is easy to see that by re-
peating the projection log(1/d) times inequalities (2-4)
hold with probability at least 1 — ¢ for the outcome z7
with minimal Z or Z value, respectively.

If /||b]|5 — 22 > ~ ||b]|,, for some 0 < ~ < 1, then

with any r for (4), with probability at least 1/3 we have
that l[7ope = Foptlly, < B¢ (A2 = 1) llzapilly
since it follows from (4) as the proof of inequality (3.16)
in [27] shows.

We conclude this section by observing that the proof
of inequalities (3) and (4) works unchanged for any ma-
trix S such that |1 — 0(SU)| = o(1) and USTSw ~
UTw. Thus combining the above with Rudelson and
Vershynin’s proof of Theorem 1.1 in [44] for bounding
the singular values and Lemma 8 in appendix A.2 of [21]
for bounding the norm of the approximate matrix prod-
uct we have the following claim for sampling /- regres-
sion.

Claim 13 Let r > O and forall 1 < ¢ < n set p; =
2
H‘TJJIEQ 2, Let S € R™™ be a row-sampling matrix such
F
that Pr (S(j) = \/677) = p; forall1 < j < r, where
e; denotes the ith unit vector. Then for any 0 < € <
1 inequalities (3) and (4) also hold with probability at
least 1/3ifr = Q(dlogd + de~ ') and r = Q(dlogd +
de=?2), respectively.

We observe that the FILT never requires more dimen-
sions for (2) than the Q(dlogd + €~2) obtainable for



sampling if one defers the square root to the very end
of the proofs in [27, 28]. The latter modification also
yields » = O(dlog(d)/e) for the sampling version of
inequality (3), which matches to the bound of the FJLT.
However Claim 13 asks for even less in the case of sam-

pling.
4. Relative-Error SVD

In this section we present a relative-error approx-
imate Singular Value Decomposition algorithm, i.e.
given an m X n, m < n, matrix of A of reals we wish to
obtain Ay, = UpX; V!, minimizing || A — X|| - among
the rank-% matrices X},.

Adapting the proofs of [28] we show that if we form
(k /€ + klog k) random linear combinations of columns
of A then the best rank-k approximation within the (col-
umn)space generated by the random projection achieves
relative-error (1 + €) ||A — Ag|| with constant proba-
bility, which we then boost to arbitrary high probabi-
lity. The resulting algorithm runs in time O((M (k/e +
klogk) + (n + m)(k/e + klogk)?)log(1/6)), where
M denotes the number of non-zeroes in A.

Theorem 14 Let A € R™*"™ and recall that 7 (.) de-
note the projection operators defined in Section 1.2. If
0 < e < 1andS is an r-by-n Johnson-Lindenstrauss
matrix with i.i.d. zero-mean =+1 entries and r =
O(k/e + klogk) then with probability at least 1/2 it
holds that

(L +e) |4 = Al -

14 = magr 1 (A)l|p <

Computing the singular vectors spanning s st 1, (A) in
two passes over the data requires O(Mr + (m + n)r?)
time and O((m + n)r?) space, where M denotes the
number of non-zeroes in A.

PrROOF: We will proceed similarly to the proof of
Theorem 1 in [28]. Let A = UXVT be the SVD
of A and p = rank(A). Additionally set X =
colspan(m 4 g7 (Ax)) and denote its projector matrix by
P = (mas7(Ag))(mas7 (Ag))T. Note that X is an
at most k dimensional subspace in AST and since
Tast ;(A) is the best rank-k approximation of A from
colspan(AST) we have

< || A~ PA|%.

4 = masr k(A

By the unitary invariance of the Frobenius norm
IA-PA%Z = |lusvT - PUSVT,
= |us - PUS|A.

By slightly abusing the notation and writing 3 as

i 0 it follows that
0 X,

2
|US — PUS|% =
+ NUp—Zp—k

|UxSk — PULS k|5
- PUp*kEpfk”iﬂ :

As multiplying by a projection does not increase a uni-
tarily invariant norm

1Up-kZp—k = PU, 1 Zp il =
2

H(I_ P)UP—k’ZI)—kHF

2

HUp—kZp—kHF

IN

14— Axll,

since I — P is projector matrix as well.

To complete the proof it is sufficient to show that
|UrSx — PULSE |5 < 2¢||A — Ag||% with probability
at least 1/2 since combining the latter with the previous
four equations immediately gives us

A~ masral@ll, < /@20 14 - Al
< A+ llA— Allp.

For  bounding  ||UySy — PULE,|% =

|UkERViE — PUGELVT || observe that PUGE, V! =

PAy, = (AST)(AST)* Ay is the best approximation of
A}, from the column space of AS” and hence

Ak — PALII < || A — (AST)(ARST)* Ay
= 4%

Iz
— AL(SADY (840

Recall that Y(¥) denotes the ith column of matrix Y’
and let us consider the regressions AT AT x; for

i =1,..., m. Note that the best approximation of AT®
from A} is TAT (AT(z)) = Az(l) and hence it follows
as equations (5-6) in the proof of Theorem 12 that there
exists vectors (1, ..., Om € RFand w1, ..., w,, € R"
orthogonal to colspan(V) such that

Vie{l,....m} : wil® = HAT“> -

2
Vie{l,...,m} : V;'STSViB; = V;' ST Sw;, and
m 2

S UB:E = (| AT - AT(SADF(SAT)[; ®

i=1

From r = Q(klogk) and Corollary 11 we have

112 /2 < ||V;TSTSVip;||2 with probability 3/4 for

all ¢ as before. Observing that S is a tug-of-war matrix
as well and applying the second statement of Lemma 6



with € = /e/d to V;I' and w; from V,"w; = 0 it fol-
lows that

s (i ||vasT8wi||§) SO (Vs )
=1

i=1
m

2

<> elwill,
i=1

Thus by Markov’s inequality and the union bound we
have that 37, [|8:]15 < 8 AT — A%Hi holds with

probability at least 1/2. Combining the latter with equa-
tions (7-8) and rescaling e yields the required bound.

Time and space can be bound the same way as in
[18] by keeping an orthonormal basis of AS”. How-
ever, note that S is independent of the input and hence
we can multiply A with ST in the first pass, compute
masT(A) in the second and obtain 74gr 1 (A) in two
passes altogether. [

2

m . .
S HAT@ 4T
=1

2

Remark. Since mygr 1 (A) is indeed computed as a
sequence of two projections it is easy to keep track

of the error using HAH; = HA_T"AST,IC(A)Hi" +

||7TA3T7]€(A)H;. Thus we can boost the probability of
success to 1 — ¢ by running O(log(1/4)) independent
copies parallel and choosing the instance with maximal
[masr s (A)] -

Moreover the number of random bits required to con-
struct S can be reduced by showing that only the entries
within the first ©(klog k) rows of S need to be com-
pletely independent and that the remaining © (k/¢€) rows
can also contain four-wise independent tug-of-war vec-
tors. The essence of the omitted proof is that we analyze
the effect of the aforementioned submatrices of S sepa-
rately by showing that the adaptive sampling theorem of
Deshpande et al. [18] holds with tug-of-war projections
as well and then apply Theorem 14 with ¢ = 1/2 only.

Deshpande and Vempala also proved [19] that for
any matrix A, there exists a subset R of O(klogk +
k/e) rows of A such that [[A—7ri(A)|p <
(1+¢€)||A— Ag|  and their approximate SVD method
indeed finds an O(k? log k + k/¢) element row set (see
also [28]). Combining Claim 13 with Theorem 14
it follows that if we sample according to the squared
row lengths of Vj, then in O(SV Dy (A)) time we can
find an O(klogk + k/€) element column set C =
AST such that [|A — e (A)| p < |4 = mep(A)] 5 <
(14 €)||A— Al . Itis easy to see that Theorem 14
and hence the previous inequality holds unchanged if we
replace Ay, with any matrix By, such that By, = wx (A),
where X is a k-dimensional subspace. Thus we can ob-
tain a faster relative-error column-based approximation

algorithm by applying Theorem 14 twice and sampling
according to the row lengths of VﬂAsTyk( A) in approxi-
mate SVD time and 4 passes altogether.

Lastly, by a result of Drineas and Mahoney [25] The-
orem 14 also yields improved low-rank approximation
of higher order tensors in the ,,unfolding” model.

5. Conclusion

We conclude with two open problems. Does there
exist a fast, pass efficient algorithm for (1 + €)oy, rela-
tive error low-rank approximation in the spectral norm?
What space and time lower bounds can be proven for any
pass efficient approximate matrix product, /> regression,
or SVD algorithm? And lastly, from a practical point of
view, it is imperative to evaluate and compare the algo-
rithms discussed in this paper using large scale synthetic
and real world data.
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