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Abstract Several iterative hyperlink-based similarity measuresewsiblished
to express the similarity of web pages. However, it usuanss hopeless to eval-
uate complex similarity functions over large repositogestaining hundreds of
millions of pages. We introduce scalable algorithms commguSimRank scores,
which express the contextual similarities of pages basetth@myperlink struc-
ture. The proposed methods scale well to large repositdiigling strict re-
quirements about computational complexity. The algorghmere tested on a set
of ten million pages, but parallelization techniques makeossible to compute
the SimRank scores even for the entire web with over 4 bilbages. The key
idea is that randomized Monte Carlo methods combined wideximg tech-
niques yield a scalable approximation of SimRank.

1 Introduction

Calculating the similarity of two web pages is a fundameing block of webmin-
ing algorithms. For example, clustering algorithms cligstie pages based on some
similarity function; related queries of web search engieesmerate the pages most
similar to some source page. Both applications requireciasiputable similarity val-
ues that resemble the human users’ similarity preferences.

Successful application areas of link analysis include iragnkl 7,13] and clustering
[1], as well as similarity search. The similarity scorestd&tpaper are also evaluated
solely from the hyperlink structure of web pages. Link-lshseethods are efficient since
the link structure forms a homogenous language-indepeddéset. Recent link-based
similarity algorithms iterate some equations expressagjdintuitions about similarity
preferences. SimRank recursively refines the cocitatioasuwe [12]. The algorithm of
[8] follows the philosophy of HITS [13] claiming that relat@ages form a dense bipar-
tite subgraph within the link structure. Additional simitst metrics for the web graph
are presented in [9,14], for example using network flows oalsubgraphs. Several
more metrics based on cocitation are evaluated in [7] tlrebhat complex enough (e.g.
can be spammed or utilize only the 1-2 neighborhood of theegipages).

Unfortunately, the available implementations of compiekibased algorithms (Sim-
Rank, HITS-based and network flows) do not scale well to maskitasets. All of them
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require random access to the web graph (link structure)evitne size of a web graph
can far exceed the available main memory. Additionally,rttesmory and time require-
ments of SimRank are quadratic in the number of pages, whithealistic over large

repositories. In contrast, PageRank requires only linese tterations, and its external
memory issues are solved in [6].

This paper introduces novel algorithms computing SimRakes that scale well
to large repositories. For example, on a collection of 10Mgzathe basic SimRank
algorithm would require up td0'* steps and main memory to compute the Sim-
Rank scores for all pairs of pages. On the other hand, our atgarithm precomputes
roughly 100 sets of fingerprints with each set of size 800M#| the SimRank of two
pages can be computed with two disk seeks later in each setls&/give heuristics to
reduce the total size of the database by a factor of 10 in gliligtd system.

Our solution simulates random navigational pathways aacestthem agdinger-
printsin the index database. The expected similarity of two fingetp equals to the
SimRank scores that can be derived from the random surfenmpadel of [12]. Thus,
our randomized algorithm approximates SimRank scores §@raral independent fin-
gerprints. For text-based similarity search fingerprimd Bonte Carlo methods were
already successfully applied, see [4,11].

This paper is organized as follows. In Section 2 and 3 we ptéke main algorithm
and the heuristics to compact the index. In Section 4 we flyraaalyze the error of
approximation due to randomization. In Section 5, we shaat thdexing and query
evaluation can be very effectively parallelized to deahveiktremely large repositories.
Our algorithms were tested on a web crawl withM pages, and the method of [10]
is applied to numerically compute the overall quality of output SimRank scores, as
described in Section 6.

1.1 Algorithms scaling to the whole Web Graph

In this section we declare the strict computational conmiptesnemory usage and par-
allelization requirements for our SimRank algorithms. Agoaithm that fulfills such
requirements can be scaled on a distributed system everréph with billions of ver-
tices like the whole webgraph. Similar requirements appefk8], furthermore these
characterize the computational environment in which GesdgPageRank scores are
computed [3,17].

The following components of similarity search need to beussed:

— Indexing: Preprocess the web graph and compute a database to sugpqtidaes
later. We will refer to this as thimdexdatabase, following the conventions of text
based information retrieval [20].

— Similarity query: calculatesim (v, w) for the webpages andw using the index
database.

— Top query: for a given query page enumerate thé most similar pages to, i.e.,
the pages with largestm(v, -) scores, wheré ~ 100 — 500.

The main contributions of this paper are the algorithms atiSas 2 and 3 fulfilling
the following requirements:
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— Computational complexity: once the index database is ready the time needed to
evaluate a similarity query is independent of the graplzs;dihe time needed for
a top query is proportional to the size of the result list.exidg is a linear time
algorithm in both the number of vertices and the number oéedy the web graph.

— Memory usage:Indexing uses no more thafi(V') main memory, wheréd” de-
notes the number of vertices. The whole hyperlink structesales in the external
memory (disk), so the edges can only be accessed sequeasiallstream. The pro-
cess of reading the stream of edges will be referred to axlga-scanOur main
goal will be to minimize the required number of edge-scafiiss fhemory access
scheme is usually referred to asemi-external memory graph algoritHtb].

— Database acces®uery performs a constant number of index database accesses

— Parallelization: Both indexing and querying can be implemented to utilize the
computing power and storage capacity of tens to thousanttrgd to medium
sized servers, and achieve response times suitable forafnueal-time usage.

1.2 SimRank

In this part we briefly recall the definition of SimRank and taedom surfer pair model
from [12]. According to the recursive intuition behind Sifk “two web pages are
similar, if they are referenced by similar pagesThis is formalized by the following
SimRank equation. v = w, thensim(v, w) = 1; otherwise

sim(v, w) = T T(w)] Z Z sim(v’, w')

v'el(v) w el(w)

wherel(x) denotes the set of pages (vertices) linking:t@ndc € (0, 1) the so called
decay factoris a constant. If eithef(v) or I(w) is empty, thersim (v, w) is O by def-
inition. For a given directed graph and decay factthesim(-, -) SimRankscores are
defined as the solution of the above system of equationslforalvertices.

Besides the recursive intuition and equations SimRank eaal$p interpreted by
therandom surfer pair modeT his interpretation will play a crucial role throughoutrou
paper, so we recall this approach from [12], too. The randafiespair model assumes
that a pair of vertices (web pages) is similar, if two random wadkarting from the
corresponding vertices and following the links backwagte gxpected to) meet within
a few stepsBased on this a rich family of similarity functions can be deti by varying
the weight that is given if the random walks first meet afteaatly X backward steps.
The next theorem of [12] states that by choosing weights eeptally decreasing with
X the obtained similarity scores are equivalent to the SinkRaores.

Theorem 1. LetX,, ,, denote the first meeting time of two independent uniformeand
walks started from vertices andw on the transposed webgraph. Then gy«
values solve the SimRank equations with decay factor

2 Our Algorithm

Our novel approach calculates the SimRank values basedeordim 1 using a Monte
Carlo method: to evaluatém(v, w) we will simulate N independent pair of random
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Algorithm 1 Indexing (external memory method)

N=number of fingerprintsL=length of paths. Uses subroutine GenRndInEdges that gmsea random in-edge for each
vertex in the graph and stores its source in an array.
1: fori:=1toNdo
for all j vertices of the web graptio /#start a path from each vertex*/
PathEndjf] := j
for k:=1to L do
NextIn[] := GenRndInEdges()
for all j vertices of the web graptio /*prolong the current paths with the new in-edges*/
PathEndf]:=NextIn[PathEndf]]
save PathEnd[] as Patfj
merge the Patf{j] arrays fork = 1..L into Fingerprintf][ 71[ k].

walks starting from these pages on the transposed graplestinthte SimRank by the
average of the exponentially weighted meeting time. A nein@ementation would just
simulate random walks upon a querysdm(v, w). Unfortunately this requires random
access to the edge set of the graph which is prohibited by greary requirements.

2.1 Fingerprints and Indexing

We will pre-computeN random walks for each vertex and store these paths in an
index. For practical purposes we truncate the random walidiaite lengthZ .2 Upon

a querysim(v, w) we load the two sets of paths from the index database and dempu
the average weighted meeting time. This requires two datahecesses.

A random walk of lengthl, starting from a vertex and following the hyperlinks
backwards will be referred to adiagerprintof v. This captures the intuition that finger-
prints depict the surroundings of vertices in the web gré&pigerprintg][ ][ k] denotes
the k™ node of the'" fingerprint of vertexj, wherei = 1..N, j = 1.V andk = 1..L.

2.2 External memory indexing algorithm

Unfortunately the naive indexing approach generates fprges using random access
to the edges of the graph, which reside in external memoryn8&ead of simulating
random walks for each vertex separately, we simulate thgther. Assume we have
already computed the firét elements of all fingerprint paths. Then with one iteration
we calculate th¢k + 1) elements of all fingerprints. To accomplish this, we gereerat
a random in-edge for each vertexf the graph, and prolong those partial fingerprints
with this edge that have as their last element.(See Algorithm 1.)

Complexity and Space Requiremer@nce we have the random in-edges, the indexing
algorithm is linear inl/, the number of vertices of the graph, requiriigells of mem-
ory. Furthermore, the required - L sets of random in-edges can be generated either

3 This is equivalent to iterating the SimRank equatiérémes. As observed in [12] 5-10 itera-
tions corresponding td ~ 5 — 10 is sufficient for the applications.

4 This results in a slight distortion of the original concepamely that the random walks of
different vertices are not totally independent. Fortulyatfes does not cause a problem since
they are independent until the first meeting point, butcangpledto stick together after that.
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with % edge-scans (wher&/ denotes the available memory) over the edges as a

data stream, or b (log(FE/M)) + 1 edge-scans by sorting the edges with an external

memory sorting algorithm and generating all sets of InEdg#sone additional scan.
The preparation and evaluation of top queries employ standathods of inverted

indices and are not discussed here, see for example [20].

3 Reducing the Index Size

The algorithm described in this section uses significantiglier sized index. In addi-

tion, the response time of top queries is also reduced bycam frequent database
accesses with more intensive main memory usage. Unfodlyntiie applied heuristics

compute similarity scores slightly differing from the angl concept of SimRank; the

effects of the distortion will be analyzed experimentafySection 6.1.

A subgraphH with exactly one random edge linking to each vertex will biened
to as acompacted fingerprintvhile theL sized path ind starting fromv and following
the links backwardswill be treated as ingerprint of vertex. Thecompacted SimRank
scoresim(v, w) is calculated as the exponentially decreasing-weightst iileeting
time of the fingerprints of andw, analogously to the previous section.

Notice that the compacted fingerprift contains the fingerprints for all vertices,
andH has no more thall edges, wher& denotes the number of vertices in the original
graph. Storing these compacted fingerprints reduces tlex iside by a factor oL. In
addition, theH graph withV edges still fits into the main memory according to the
requirements of Section 1.1. This enables us to run more engpaph algorithms on
H, for example the top query will be calculated by a (modifieddalth first search.

3.1 Indexing and Query Evaluation

The indexing method generates a compacted fingerfrifar each simulation with the
same GenRndInEdges() function as in the previous sectiemidin difference is, that
the algorithm does not save the actual paths for each vebntext, saves the generating
InEdges[] array as IndexIn[i][] and the respective grapé. @ihe edges of subgraph)
transposed as IndexOut][i][].

To evaluatesim(v, w) queries we simulate the random walks frorandw respec-
tively by following the edges pointed by IndexIn[]. This téges random access to In-
dexIn[], which still fits into the main memory as the array saeV'. The top query for
vertexq will be evaluated as depicted on Algorithm 2. Basically fack independent
simulation, we have to generate all the paths that intetbegbath of vertey. So first
we calculate the fingerprint path gfusing the IndexIn[] array. Then for each node of
that path we enumerate the outgoing paths using the traegiogerprint IndexOut([].
For thek™ element of;'s path we take exactly steps forward in all possible directions
pointed by IndexOut[]. This will generate us all the veriagith positive similarity to
q, and thus has a time complexity linear in the output size.

5 This path is unique as each vertex is linked to by one (or z=igg inH.
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Algorithm 2 Top query (compacted SimRank)

Input: the query page, L=length of path/N=number of fingerprints;=decay factor.

Output: list ofp pages with positive similarity tq, ordered bysim(p, g).

SimilarPages is an initially empty (hashed) associativeaioer that is indexed by the vertices of the web graph atdsho
the similarities tog. Non-existent entries return 0.

1: fori:=1to N do

Ancestor :=q /*This variable holds th& element of;’s fingerprint ¢ = 0 currently). Wee look for other paths that
lead into this point irk steps.*/

3: fork:=1toLdo

4 Ancestor := IndexInf][Ancestory*One step backward*/

5: D:={Ancesto}}/*The descendants of Ancestor*/

673: for I:=1to k do /*k steps forward*/
8
9

N

D:=U;epIndexOut[i][4]
forall 5 € Ddo
SimilarPagesf]:=SimilarPages[]+ %
10: return SimilarPages sorted by value

Both similarity and top query algorithms uses random acte$s for each simu-
lation. With the parallelization techniques discussedrlat Section 5, it is possible to
avoid loading the compacted fingerprints one-by-one to thimmemory upon a query.

4 How Many Fingerprints are Needed?

In this section we will try to estimate how well our methodpegximate the actual
SimRank values and how many fingerprints are sufficient fegadte results in a real-
world application. It is obvious by Theorem 1, that for a stiéfintly large number of
fingerprintsV, the results returned by our randomized metm/)'d\ﬁ(u, v) converge to
sim(u, v), the actual SimRank. However, storage requirement andmsn tire linear
in N, so we want to minimize it. In this section we will show thabab100 fingerprints
are sufficient for applications.

For a given queryim(u,v) the fingerprints giveV independent identically dis-
tributed random variableX; , . . ., Xy, each of which has an expected valueiaf(u, v).
By the central limit theorem—which is commonly applied fra¥h= 30—the result
we calculatesim (u, v) = L >N | X, is of normal distribution around the expected
valuesim(u, v) with standard deviation\/% D(X). This(’)(ﬁ) convergence is unfor-
tunately not enough for our purposes.

Instead, note that in implementations we do not require theahvalues to be very
close to SimRank, but to have the ordering definenﬁi\yon a query result set follow
closely the actual similarities. In this case we have mudtebeesults:

Theorem 2. The probability of interchanging two documents in a quesuitlist con-
verges to 0 exponentially, i.esifn(u, v) > sim(u, w) thenPr{sim(u,v) < sim(u,w)} —
0 exponentially inV.

Analyzing the proof (which unfortunaltely had to be omittdge to space limita-
tions) suggests thal' = 100 gives more than adequate precision for a search engine.
If the result list is ordered by some other function (for exderPageRank), then even
less fingerprints are enough, to distinguish between uteitfzages, low similarity and
top similarity pages.
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5 Scaling to the Whole Web

In this section we will shortly summarize the possibilities parallelizing the algo-
rithms described earlier. Our aim is to apply the methodsyfaphs as large as the
whole web graph, i.e. a few billions of vertices. The platfiazonsidered here for such
applicationsis a very large cluster of PC category macliRlemterconnected by some
form of network. We will consider requirements for minimupesation, load balancing
and fault tolerance to show that our methods are applicalgle i the largest publicly
available search services.

The key observation is the possibility of distributing theépendent fingerprints to
N different machines [19]. We will call thisoarse horizontal parallelizatiarin this
case the index builds can run in parallel with the necessdgg-scans distributed as
broadcast data over the cluster. Each computer uses itsaowioim number generator
to calculate a different and independent set of fingerprifit® resulting indices are
stored only locally. The query to evaluate will also be brcasied to all the participating
machines, which return their individual result list for ggrg by the front-end server.
The network transfer required is proportional to the lergdtthe result list (the number
of pages with positive similarity to the query page) everhwlite most naive approach.
Alternatively, a more advanced distributed top query metban be used for merging
the result sets with much less network traffic, or even to jtgyantial evaluation at the
index servers. Distributed top queries were deeply studieently, see for example [5].

This utilizes at mostV machines, each of which has enough memoryifacells
for indexing, or query with compacted SimRank. For quenhtiite original SimRank
the only resource required is database accesses (disk.seeks

Thanks to the robustness of Monte Carlo methods this metfiedsantrinsic load
balancing and fault tolerance support. Assume we have nhareN machines, and
each of them has got an index. For an adequate precisionitésenough to askny NV
machines and merge the result list. This offers nice and #moad balancing support
for an arbitrary number of index servers. As for fault toleze, skipping one fingerprint,
and mergingV — 1 result lists instead oV does not change the result list significantly,
thus failed servers do not influence proper operatidrhis enables a very effective
combination of load balancing and fault tolerance: if themyuoad is larger than the
available number of machines can serve, then the number gérfinints used for a
single query is decreased automatically, thus loosing gomeision but maintaining
adequate response times. Or in case of underload, precaioe increased for free to
achieve better results.

6 Experiments

In our experiments the valwgbling 7" [10] measures the quality of the similarity rank-
ing by comparing it to a ground truth similarity ordering&dted from the Open Direc-
tory Project (ODP, [16]) data, a hierarchical collectionnabpages. The category tree
of ODP provides ground trutsimilarity pairsby claiming thasim(u, v) < sim(u, w)
should hold for certain ODP pagesv, andw. A similarity pair will be referred to as
comparabléef both sim(u, v) andsim(u, w) are larger than a minimal similarity thresh-
old, which was set to zero in our experiments. To evaluatagili’ for SimRank scores
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we need to check if the above inequality holds for the comgarsimilarity pairs or not.
The resultingl” € (—1,1) value is 1, if all the above inequalities hold for the SimRank
scores; whilel" = —1, if all pairs are ordered reversely. For our algorithinss 0.5,
implying that a pair of comparable similarity pairs chosémeadom is ordered cor-
rectly by our algorithm with probability over 0.75. Notickat high/" quality can be
achieved even with very few comparable pairs. Therefore emdeéd to measure the
number of comparable similarity pairs in addition to siblifi. See [10] for the further
details about siblind” measure.

Evaluating!” statistics requires a webgraph containing ODP pages wdth hri/-
perlink structure for the SimRank computation. StartirapfrODP pages of categories
Conput er s andSci ence, our repository was collected by a crawler restricted te fol
low links within the sites of ODP pages in November, 2003. Wemed a webgraph
with V' = 11M vertices . = 150M links and 161K ODP pages. Our experiments were
performed on a machine with an 1.4GHz Intel Xeon processabyfe main memory
and Linux OS. The fingerprints were computed in 40 minutesjridex was truncated
to the 161K ODP pages and had a total size of 1.3Gbhyte (inuduthie inverted index).

6.1 Experimental results
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Figure 1. Measuring the quality of SimRank scores with different pagter settings.

Our numerical experiments address the problem of findingitienal settings over
the 3-dimensional parameter space: path ledgtbecay factor and number of fin-
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gerprintsN. To perform a full optimization was beyond the scope of ounpating
capacity, so we fixed the default valués= 10, N = 100 andc¢ = 0.65; then the
parameters were analyzed independently by varying onlypanameter at a time, see
Fig. 1.

The left hand side bars of the clustered bar charts of @gre:ndb) on Fig. 1
show that both the number of comparable pairs and the quaditgase withl.. Recall
that the SimRank scores approximated with path ledgttorrespond tal. iteration
of the recursive equations. Thus, the growing quality fiestthe recursive intuition of
SimRank. However, more recursion slightly reduces theityamong the pages with
low SimRank scores, as was slightly decreasing aftér= 7.

The right hand side bars of pad$andb) show the quality loss for the compacted
SimRank scores compared to SimRank. According to the cltagdonger the paths
are the more quality loss occurs on average. However, inlaapgdication it may be
reasonable to trade the quality difference to the advarttite reduced index database
compacted td. times smaller.

The amount of comparable pairs in figugincreases linearly withV. The rea-
son is simple: more fingerprint paths cross each other, amrttake more similarity
pairs comparable. Pad) generally shows quality fall in sibling’. We argue that in
case of N = 10 the pairs with positive approximated SimRank scores halatively
large SimRank, and such pairs approximate the ground timilasity better than those
having smaller SimRank values.

Due to space limitations the effects of decay factor is @difrom the diagrams.
We experienced that the decay factas inversely proportional to sibling’, while the
number of similarity pairs remains unchanged. When 0 andV is fixed, the weight
given for a shorter meeting time will largely supercede theight given for longer
meeting times. Our measurements imply that shorter paihisidglyenerally be given
higher weight than the sum of arbitrary number of longer path

7 Conclusion and Future Work

We showed a method for computing the SimRank similarityssdor web pages. Sim-
Rank is purely based on the link structure of the web grapt,ga PageRank, but has
previously had algorithms with quadratic memory requiretrand running time. Our
method uses linear time randomized fingerprint-based kzdions and can be imple-
mented orV pages usind” cells of memory, which can be further reduced to constant
by using external memory sorts. When parallelized on aetwdtmachines this method
can cope with the whole webgraph making it suitable for tigdst scale commercial
web search engines, featuring load balance and fault taterantrinsically. Further-
more, we presented an approximation with lower precisiohdpastically reduced in-
dex database sizes that can be entirely served from main ryggmoase of extreme
workloads.

We strongly believe that fingerprint-based Monte Carlo méthcan have further
applications in web-mining. For example, we plan to coridtsgalable approximation
methods for clustering web pages and tracing web commanitie
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