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Abstract. In theedge connectivity augmentation probleme wants to find an edge set of minimum total
capacity that increases the edge connectivity of a given undirected graphlbis a known non-trivial
property of the edge connectivity augmentation problem that there is a sequence of edgg &ets . .,

such that_J; -, Ej optmially increases the connectivity byfor any integerr. The main result of the paper is

that this sequence of edge sets can be divided@ity groups such that within one group, &l are basically

the same. Using this result, we improve on the running time of edge connectivity augmentation, as well as we
give the first parallel (RNC) augmentation algorithm. We also present new efficient subroutines for finding
the so-calledextreme setand thecactus representation of min-cusquired in our algorithms. Augmenting

the connectivity ohypergraphswith ordinary edges is known to be structurally harder than that of ordinary
graphs. In a weaker version when one exceptional hyperedge is allowed in the augmenting edge set, we derive
similar results as for ordinary graphs.

Key words. graph augmentation — edge connectivity — hypergraphs — randomized algorithms — parallel
algorithms — combinatorial optimization

1. Introduction

In the paper we obtain improved algorithms for the undirected edge connectivity aug-
mentation problem by a new insight to the structure of edge sequences giving successive
optima. LetG = (V, E) be an undirected graph with integral edge capacitiesutAs
a partition of the vertex set into two subsets; the value of a cut is the total capacity of
edges between the two sets. Cuts with minimum valaee min-cuts c is the (edge)
connectivityof G. Given aconnectivity increment (or atarget connectivitk = ¢+ 1),
the edge connectivity augmentation problésrto find an edge set of minimum total
capacity whose addition 1@ increases its connectivity by

Our most efficient Monte Carlo algorithm has a running firoé O(n?log(U/c))
wheren is the number of vertices and is the highest edge capacity in the graph.
In comparison the deterministic algorithm of Gabow [18] run€im?m) time while
a very recent algorithm [33] improves this @nm). The best algorithm for graphs
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with unit edge capacities with runtim@(kzm) is due to Gabow [16]. Based on this
work, very recently the Monte Carlo runtime of edge augmentation was improved to
on?) [6].

Our new results stem from the following observation. On one hand, it is known
that edge connectivity augmentation can be done in strongly polynomial time, inde-
pendently of the edge capacities or the increment value [12]. On the other hand, for
small increments, algorithms increasing connectivity by oneidrphases turn out to
be more efficient [16]. In particular, these algorithms use min-cut structures that can
take advantage of the improved running times of some new min-cut algorithms [15].
However, these algorithms have their running time, seemingly inherently, dependent
ont and hence are not polynomial. In the paper, we improve on these algorithms so that
the running time becomes independent of the increment value.

We show that the consecutive augmentation phases can be groupe@(imto
segments, such that within a segment, the augmentation steps are basically identi-
cal. This result is of independent theoretical interest, as well as it already yields an
O(nmmin{n, t})-time augmentation algorithm. We show that the situation is some-
what analogous to the Ford—Fulkerson augmenting path-algorithm for maxflows: in the
original algorithm one finds paths that increase the flow value one by one, hence that
algorithm is not polynomial for capacitated graphs. The key to obtain a polynomial
algorithm is to show that there is a polynomial sequence of augmenting paths such that
saturating flow on them is sufficient for computing the maximum flow. Note that the
output of such an algorithm for some flow value contains all other outputs for smaller
flow values. Previous known polynomial time augmentation algorithms, on the other
hand, do not have this propertyrgedge connected augmentation produced by the al-
gorithm is not necessarily the subgraph of that for sepne ;. We give an algorithm
that can produce an element of a fixed sequence of successive optima, in polynomial
time independently of the increment.

By our grouping technique, we can give various very efficient augmentation algo-
rithms. This paper describes the first parallel (RNC) algorithm for this problem. We give
randomized sequential algorithms with running time

O(n?min{n, logz/c, lognu/c}) ,

wherec is the original connectivityz is the connectivity increment, and is the
maximum edge capacity. The deterministic version run@§nmmin(n, t}) time. For
an arbitrary value of, we can also find an element of the increasing sequence of optima
(Uj <7 Ei), with running time not depending an

Recently, finding efficient edge connectivity augmentation algorithms became a well-
studied area [38,7,12,32,15, 18]. The algorithms use various min-cut structures and are
generally based on maxflow computations. Our algorithms require efficient subrou-
tines for finding two cut data structures: the extreme sets introduced by Watanabe and
Nakamura [38] and the cactus representation of Dinitz et al. [10]. We improve on the
efficiency of finding the extreme system: we present the first RNC algorithm by a new
analysis of Karger’s [24] algorithm, as well as a very efficient sequential algorithm
based on a representation of near-minimum cuts [3]. By recent breakthroughs in the
design of algorithms for finding edge connectivity and min-cuts [23,33, 15, 26], it turns
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out that several min-cut structures are much easier to build than to find even a single
source-sink min-cut. Our algorithms take advantage of these results and, in particular,
avoid maxflow computations.

The rest of this paper is organized into two independent parts. In the first part,
we discuss the theory of edge connectivity augmentation algorithms. We sketch those
ideas and analyses of earlier algorithms that we build on. Then two new algorithms
are described in Sections 3 and 4. The first algorithm is our strongly polynomial time
successive algorithm; the second one runs in RNC. The correctness of these algorithms
are proved in Section 5. Section 6 deals with the hypergraph connectivity augmentation
problem.

Part 1l describes sequential, randomized and parallel subroutines required in our
algorithms. Section 9 contains cactus algorithms; Section 8 extreme sets algorithms. The
running times of the best known augmentation algorithms are given in the concluding
section.

1.1. Basic notation

We assume that the input graph haveertices, andn edges; parallel edges are not
allowed and thusn = O(n?). In the terminology of [22], an algorithm jolynomia] if

its running time is polynomial in the bit length (the logarithm) of the input numbers and

in n. And an algorithm isstrongly polynomiglif the number of arithmetic operations

and the space usage is polynomiahinThe arithmetic operations are addition, com-
parison, multiplication and division. In the paper, we use the term strongly polynomial
in a stronger sense: we require that the arithmetic operations be performed on numbers
not larger than a polynomial im plus the maximum of the input numbers.

ForX C V, letX = V — X. A cut with bipartition toC andC is denotedC|C). The
valuedg (C) of a cut(C|C) is the total weight of the edges connecti@g@ndC. The
connectivitycg of G is the minimum value of any of its cuts. Thedemandof a setC
is dents (C, k) = max0, k — d(U)}. We omit subscript§ if it causes no ambiguity.

A subpartition of V is a set of disjoint subsets ®f. Two setsC andD are called
intersectingf neither ofC N D,C N D andC N D is empty anctrossingif in addition
CN D # #. A set system isaminarif it contains no intersecting pair. Sets of a laminar
systemF can be viewed as nodes of a tree wh¥randY e F are joined by an edge if
X C Y butthereisndZ e Fwith X Cc ZC Y.

Part I: Extreme sets based augmentation algorithms

There are two approachesto solving the augmentation problem. One approachis first de-
scribed by Cai and Sun [7]: they add augmenting edges to an extra artificial node and then
use edge splitting [30] to remove that node. Frank [12], based on this approach, presented
the first strongly polynomial time algorithm which solves the (integral) capacitated case
in O(n®) time. Gabow [18]improved Frank’s running time@gn?mlog(n?/m)), which

was very recently further improved ©(nmlogn) by Nagamochi and Ibaraki [33]. In

these algorithms, the computational bottleneck is edge splitting from the extra node. So
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far, all known edge splitting algorithms are either based on flow computations [12,18],
or their running time depends on the total capacity of the augmenting edges [3].

Our new algorithms are based on a historically earlier approach, when the con-
nectivity is repeatedly increased by one unit until the target is reached. The first edge
connectivity augmentation algorithm by Watanabe and Nakamura [38] has this ap-
proach. A more efficient version with running tin@(z?nm) was given by Naor et
al. [32]; Gabow [16] improved this time t®(kzm). All these running times are valid
for graphs with unit edge capacities only.

Algorithms of this latter approach [38,32,16] have an additional property that they
can find asuccessivancreasing sequence of intermediate optima, for increasing values
of target connectivitk. We will pay special attention to algorithms with this successive
property. For example Naor et al. [32] notice that such an algorithm can always be used
to solve the modified “no target” problem where instead of specifying a connectivity
target, the total capacity of edges to be added is bounded and the connectivity should
be increased by as much as possible. Unfortunately an algorithm that increases the
connectivity one by one is inherently not polynomial. We give an alternate definition of
a successive algorithm that is sufficient for example to solve the no target problem but
allows polynomial time algorithms:

Definition 1 (Successive augmentation) An edge augmentation algorithmsacces-
siveif its output for targek is the subgraph of its output for targkt > k.

We remark that Cheng and Jordan [8] proved that successive algorithms exists
for a general class of augmentation problems. The polynomiality of such successive
algorithms is not addressed in their paper.

Augmenting by one: the cactus-increase

A main subroutine of our algorithms is the algorithm of Naor et al. [32] to increase edge
connectivity by one, for connected graphs. It finds a minimum cardinality edde’ set
covering all min-cuts by the cactus representation of all min-cuts [10]. For the purposes
of the paper, we call this algorithm tltactus-increassubroutine.

A cactusis a graph which contains no cut edges and no two cycles with a common
edge. In other words, a cactus is built up from a single vertex by recursively joining
cycles (of length possibly two!) to existing vertices. Tdaetus representatiofiig. 1)
of an (ordinary) connected grahis a cactudC such that a partition o corresponds
to the vertex set of the cactus, with an exceptional case that some cactus-vertices may
contain the empty vertex set (as in Fig. 1). The min-cuts of the cactus are precisely those
which arise by erasing two edges of a cycle. Then the min-cu® arfe precisely the
edge sets 06 connecting two components of a min-cut of the cactus.

Given the cactus representation, the connectivity of a graph can be increased op-
timally by one as follows [32]. Each cactus graph has an Eulerian cycle; we fix such
a cycleC. In C, the degree two vertices of the cactus are ordered cyclically. By the
definition of the representation, each min-cuGoélividesC into two consecutive parts.
Hence if we connect all pairs oppositedegree two vertices by edges, we add one edge
to each min-cut ofs.
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Fig. 1. A graph with connectivity 6 and the cactus representation of its min-cuts. Dashed edges form an
optimum augmentation to connectivity 7 edictus-increase

We sketch why the cactus-increase step uses minimal number of edges. It is easy
to prove that setS§ contained by degree two vertices of the cactus lti@ = c. One
edge has to be added to each suclSsahd one edge can cover at most two of them. Let
there bel such vertices; then at leagt/2] edges are required to increase connectivity.
This is equal to the actual number of edges used, proving optimality. It is important to
remember that if is odd, we have to adavo edges to one of the seBs

2. A generic augmentation algorithm

Our augmentation algorithms build on the common structure of those of [38,32,16].
These algorithms on one hand use some information about min-cuts to increase connec-
tivity, as itis done in the cactus-increase subroutine; on the other hand, global optimality
is reached by using the structure of the so-cadbecdeme sets higher-value generaliza-
tion of minimal min-cuts. Next we describe the general structure of these extreme-sets
based algorithms.

Extreme-sets based algorithms (see Algorithm 1) increase connectiphaises
until the connectivity is increased hy In phaset, an intermediate augmented graph
Gi_1 is further augmented by an edge &t G; = Gi_1 + E;. We use subscriptsto
refer to properties 0G;: we letd;(C) be a shorthand fadg, (C), and letc; denote the
connectivity ofGt. Unlike all previous algorithms, our algorithms will not necessarily
havect;1 = ¢ + 1.

In each phase, the edge &etis found intwo stepsin theconnectivity-increasstep,
an edge sek; is found that increases connectivitydo The second step islaokahead
step. In the first step, we may as well contract all subse® of not separated by cuts of
value at most;; the end-vertices of the augmenting edges can be placed anywhere within
a contracted subset. It is known [32] that an arbitrary placemeRf ofiay cause that
the next augmentation step cannot yield an optimum augmentation, if comp&ed to
and not just tdG¢. In the lookahead step, the end-vertices of augmenting edges are kept
within the same contracted subset, but replaced so as to preserve optimality for further
augmenting steps. We start by an example to show that in an optimal augmentation
phase, one requires a lookahead step.

Example 1.Let a graphG have six highly connected compone#ts . .. , As. Let the
first and last thred\; be connected by edges of two triangles; let there be a further edge
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betweenA; and As. G has a single min-cut of value 1 separating the two triangles. To
augment connectivity by one, an arbitrary edge may be added connecting the first three
and last three\;. Assume one adds another edge betw&eandAg. Then the resulting
graph has connectivity 2, with four minimal min-cu&s, Az, A4 andAs. Hence another
two edges connecting these four sets are necessary to augment the connediy of
three. On the other hand, if we augment by one by an edge betigand A4, say,
then another edge betweéa and A5 suffice for the augmentation.

O

In the above example, we considered (inclusion-wise) minimal sets with respect to
a given demand (indeed; U A U Az, A4 U AsU Ag, and Ay, ..., As are all such
sets). We define such sets as extreme:

Definition 2 (Extreme sets).A subsetU C V is d-extreme(as in [38]) if d(U) = d
andd(U’) > dfor all U’ c U. The collection of all extreme sets for all valuesias
theextreme system

Extreme sets satisfy the following properties. Their collection forms a laminar sys-
tem. The collection ofi-extreme sets for a fixetdiforms a subpartition. The subpartition
of d-extreme sets, for all possible valuesthfdefinelevelsof the extreme system. For
€ = Cg, the edge connectivity value @, it is equivalent that a sedis c-extreme, or
thatSis minimal such thatS|S) is a min-cut, or thaBis contained by a degree two node
of the cactus representation. Among extreme sefsextreme sets are inclusion-wise
maximal (but other extreme sets can be maximal as well).

Algorithm 1 extreme-sets based algorithms
input : a graphG; the connectivity targek.
t < 0;Gg « G; ¢y < Co
Phaseuntil ¢ =kdo
Ft < the extreme sets @bt
t<—t+1
E{ < connectivity-increase( Gi_1)
Et < lookahead( Fi_1. Ef.K)
Gt < Gi_1+ Et
end do
output Gt

In orderto prove the optimality of an extreme-sets based augmentation algorithm, we
introduce a potential function based on the system of extreme sets. First we generalize
the notion of the demand to laminar systems — the potential will then be the demand
of the extreme systenfFp of the input graph. Let th&-demand of a subpartition
P = {V1,...,Vm}, dens (P, k), be the sum of the demands of individual sets; let the
demandleny (F, k) of a laminar familyF be the maximunk-demand of a subpartition
consisting of elements of. (Note that this subpartition, as well as the value of the
demand, can be found by recursion on the tree corresponding to the laminar system.)
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The potential dem(Fo, k) is proved to give a tight bound for the augmentation cost
(for ordinary graphs) by Watanabe and Nakamura [38]. Lect® of an edgée its
capacity times its size (two for ordinary edges). Notice that for ordinary graphs, this
is twice the natural cost measure. The goal of the rest of this section is on one hand
to prove the theorem of Watanabe and Nakamura below; on the other hand, to give an
optimality criterion for our further algorithms using the general-lookahead step.

Theorem 1 ([38]). The minimum number of (ordinary) edges needed to augment con-
nectivity to target valué& > 2 is

[2 maxdemP, k) : P is a sub-partition] .

Theorem 2. For all t, in phaset of an extreme-sets based augmentation algorithm, let
E: be the augmenting edge set addeta; to obtain the next intermediate grai.
Let 7 be the system of extreme set&ef Assume that for al,

(2.A) deng, ,(Fi—1, k) — demg, (Fi—1, K) is (at least) the cost dE; (Fi_1 is fixed as
reference!);

(2.B) each extreme set G is extreme inGi_1 as well (note that the requirement is
sufficient to hold for the positive demand extreme sets only); and finally that

(2.C) the output graph of the final phase has connectivity

Then the output of the augmentation algorithm has optimum dest (F, k). And
if (2.A) holds in all phases except for the last one, and in the last phatige cost
of the augmenting edgds; is at mostZ[%den‘thl(]-}_l, k)], then the output of the
augmentation algorithm has optimum cost as in Theorem 1.

Proof. We consider the case when (2.A) holds in the last phaas well. The other

case can be proved in exactly the same way, by taking care of the fractional values in
the last augmentation phase. Clearly, d€ifo, k) is a lower bound on the cost of any
augmenting edge set, and in particulaidp. , E;. An upper bound on the cost of this
edge set, by (2.A), is B

Y dems, (Fi-1, k) — dems, (Fi-1,K) .

t<t
By (2.B), Ft—1 2 Ft; thus derg, (Fi—1,k) > denx, (Ft, k). By rewriting the above
sum,

dent, (Fo, k) — dems, (Fr—1, k) + Y dems, (Fi, k) — dems, (Fi-1. k) <
>t>0

dems (Fo, k) — deng, (Fr-1,K) .

Since thek-demand of the final graph equals 0 by (2.C), the claim is proved.
O

We prove Theorem 1 in the next subsection. We describe a lookahead step and
prove that an extreme sets based algorithm with cactus-increase and this lookahead step
achieves optimality. The proof is based on the theorem of Naor et al. [32] that (2.B)
holds for the edge set given by the cactus-increase step. For completeness, we prove
this fact in Section 5.



602 Andras A. Benczlr

2.1. The general-lookahead step

Next we describe ougeneral-lookaheadtep (see Algorithm 2), a generalized form of
the lookahead step of Naor et al. [32] (the original form is also given in Section 2.2). As
Example 1 indicates, the lookahead step is hecessary to ensure optimality. I, piase
connectivity-increase step adds an edgé&sethe lookahead step takes each end-vertex
v’ in Ef and replaces it by anothetto obtain an edge sé&; (in particular, E¢| = |E{|).

In Algorithm 2 we process edge-endvertiagsof E{ as follows. LetW, € F
be the inclusion-wise minimal set containingwith demW) maximum. Then\; is
recursively replaced by one of its inclusion-wise maximal extreme subsets, until the
final W has either demand O or consists of a single veutexn Ef, v; is then replaced
by wi. We also update the values démW) by subtracting one for each immediate
extreme seW visited.

Algorithm 2 general-lookahead

input : an edge se;;
a laminar familyF with demandslem(W) for W e F;
(the target valud is contained implicitly indem;
F contains all extreme sets 6f_1.)
for all edge-endvertices; in E{ do
W < the maximal element of containingu;
repeat until W is a single vertexw; or demW,) = 0
select amaximal extreme subse& ¢ W, with demW) > 0
demW) < demW) — 1
W <~ W
end repeat
replace v by wj in E{
end do .
output  Ef and alldem(W)

Theorem 3. Assume thak; is obtained fromE; by the general-lookahead algorithm
whereF is a laminar family containing all extreme sets@®f_1 and the inputlemW)

is equal todeng, ,(U,k) for all W € F. Assume that (i) no edge &; has two
endvertices in the same setBf furthermore that (i) no maximal extreme déthas
dE{ (U) > demU). Then (2.A) of Theorem 2 is satisfied; furthermore the oudput W)

is equal todems,_, g, (U.k) forall W e F.

In the proof of this theorem, we use the notion of the recursive demand of a set in
a laminar family. Notice that the maximum demand subpartition of extreme sets can be
found by starting with minimal extreme sets, and replacing them by their parents in the
laminar family if this increases the total demand. Formally, in a laminar faffjljet
therecursive demanddemU | F, k) be identical to dergJ, k) for all minimalU € F.
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And given rdeniU; | F, k) for all maximal subsets); of U € F, let

rdemU|.F, k) = maxdemU, k), Z rdemU;i|F, k)} .

Clearly, the demand of a laminar famil§f as we defined before is the sum of the
recursive demands of its maximal elements.

Proof. Let an input vertexs; be replaced by a vertex; in the output; letW; € F

be maximal withv; € Wi. ThendemU) decreases by one for all extreme sets

wi € U c W with positive initial value of derfU, k) = demU). For allU € F

the value ofdemU) remains non-negative throughout the procedure by (ii); by (i) its
decrease is equal to the number of edges added Thus the outpulemU) becomes
the new demand value as required.

Finally (2.A) follows if we show that rdeiiw | F, k) decreases bgie, (W) for all
maximal extreme;. Let us definerdemU) in the same way as rdeid|F, k) by
using the values oflemU) instead of derfU, k). By the previous argument both the
initial and the final values oflemU) and rdeniU|F, k) agree. Hence we prove for
rdemU); we show that its value decreases by one whenever a vertexprocessed.
Let us consider all intermediaté € F, wi € U € W, in the inclusion-wise increasing
order. The last sucb e F with dem(U) > 0 hasdemU’) = 0 for all U’ c U; hence
rdemU) = demU) and this value decreases by one wheis added. For all remaining
U bothdemU) as well as (by inductionidem(U’) decreases by one; thus we get that
rdemU) decreases by one as needed.

O

Finally we prove the main Theorem 1. We require the following property of extreme
sets:

Lemma 1. Any vertex se contains an extreme s& C U with d(W) < d(U). In
particular a graph with connectivitik must haveé-extreme sets.

Proof. Let W be an inclusion-wise minimal subset@fwith d(W) < d(U). ThenW is
extreme.
O

Proof. We prove that an extreme-sets based algorithm with cactus-increase and general-
lookahead steps satisfies (2.A—C) of Theorem 2. Since by Lemma 1 a graph has con-
nectivity k if all of its extreme set&) haved(U) > k, (2.C) holds by the definition of
Algorithm 1. (2.A) holds in all except the last phase by Theorem 3. It is proved in [32]
that an arbitrary edge set found by cactus-increase satisfies (2.B); we give a proof of
this fact for completeness in Section 5.

The only remaining case is the last phase when Theorem 3 cannot be applied: it is
possible that the increment is one and there are an odd number of maximum-demand
extreme sets. Then two edges are added to some extreme set; however, its demand is
only one, violating (ii) of Theorem 3. In this scenario, the exceptional case of Theorem 2
still applies.

o
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2.2. Obtaining a successive sequence of optima: balanced-lookahead

An algorithm using the general-lookahead step is not a successive algorithm in our
definition. Although it obtains an optimum solution for the given targethe two

output graphs for targetsy < kp are not necessarily subgraphs of one another. In
contrast, the algorithm of Naor et al. [32] is a successive algorithm using the cactus-
increase step together with a more specific lookahead routine. Here we describe this
balanced-lookahearbutine that we also use in our successive algorithm. It is noticed

in [32] that a successive algorithm can solve the so-called No Target Problem when the
number of edges we may add to the input graph is bounded, and we want to increase
the connectivity by as much as possible.

By using the cactus-increase step, we may obtain a successive algorithm by requiring
for all target values the lookahead step proceed in the same way. In the general-lookahead
step, the choice of the augmenting edges depend on demand values and hence on the
choice of the target. The balanced-lookahead step fixes this “flaw”.

The balanced-lookaheadtep is a specific implementation of general-lookahead.
When an extreme sad has to be replaced by anothéf, we choose some of its
extreme subset&/ with d(W) minimum Then the value ad(W) is increased by one and
the procedure is repeated as in general-lookahead. Note that this is an implementation of
the general-lookahead subroutine. This algorithm continues selecting extreme subsets
of possibly already zero-demand sets, however in that case, the choice is arbitrary in
general-lookahead.

3. An efficient successive algorithm

In this section we present our strongly polynomial time successive augmentation algo-
rithm. Recall that we call an algorithm successive if its output for tdegethe subgraph

of its output for targek’ > k. We aim to use the general framework of extreme-sets
based algorithms that increase connectivity in phases. Our idea is that we compute
the augmenting edges of several phases (“groups”) together, without recomputing any
information about the intermediate augmented graphs. By this idea, the running time of
our algorithm becomes independent of the connectivity increment.

We get to our successive polynomial-time algorithm in two steps: in this section,
we describe a simple connectivity-increase step that increases connectititg by
requiring the knowledge of the extreme sets only; then in the next subsection, we show
that the phases of this new algorithm can be divided o) groups such that within
one group, the same edges can be added by the connectivity-increase step of each phase.
This “grouping” is possible since the extreme system is robust to the addition of the
augmenting edges, as it is also indicated by property (2.B) of Theorem 2. The final
implementation details of how to find the groups and how to perform lookahead is in
the last subsection.

The main idea of our connectivity-increase step is that an arbityarle of weight
1/2 connecting allc-extreme sets increases connectivity by one. This step is thus
dependent only on the maximal extreme sets of the intermediate graph. In comparison,
the cactus-increase step requires the knowledge (the representation) of all min-cuts of
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the intermediate augmented graphs at each call. However, we do not want to allow
fractional weights in the augmenting edge set. In case there gend)-extreme sets

(or all (c + 1)-extreme sets are subsetsoéxtreme ones and at least one new edge

is added to each of them), we may add the same cycle with wergtto increase
connectivity bytwo. However, in the following example, this step cannot be applied in
an arbitrarily long sequence of augmentation phases:

Example 2.In a starting phasé, let there be an odd number of_;-extreme sets
Ui, ..., U1, and asingle maximal extreme &k with d(Ug) = ¢;—1+ 1. We cannot
add a cycle connecting atf_1-extreme sets, since that does not decrease the demand
of Up. Thus we have to increase connectivity by one by, say, cactus-increa&. bet
an edge set increasing connectivity by one; then wll,ggul) =2, whiledE{/(Ui) =1
fori > 2. Hence in the next phase, thieextreme sets atdg, Uz, Uz, ... , Uz,—1, while
Ui is (¢t + 1)-extreme. In subsequent phaddsandU; keep exchanging roles, and we
may never add cycles connecting maximum-demand extreme sets.
O

Now we give the formal description of the cycle-increase step. The solution to
handle the situation as in the example is to add a cycle connecting &l tirecluding
the (c + 1)-extreme one — whenever possible. For the sake of simplicity, we will be
slightly more restrictive in specifying the cases when cycle-increase does not apply than
we need to. Also notice that the augmenting edgeEééias to include an edge set
increasing connectivity optimally by one, in order to obtain a successive algorithm.

Definition 3 (cycle-increase)Let G be the input to the connectivity-increase step, let
the connectivity o6 bec. Cycle-increase cannot be applied in the following cases (and
the augmenting edge set is given by cactus-increase, s&yhafs

— a maximal extreme sét withd(U) = c+ 2;

— more than one maximal extreme setsvith d(U) = c + 1;

— a maximal extreme s&i with d(U) = ¢+ 1, when there are an even number of
c-extreme sets;

— amaximal extreme set withd(U) = cor c+ 1, with more than one extreme subsets
U’ that haved(U’) = d(U) + 1.

Assume that we are not in any of the above casesEL&e a minimum cardinality
edge set that increasés’s connectivity by oneE” may, for example, be the output
of cactus-increase). Then the output edgeEetdf cycle-increase is a cyclE’ with
E” c E’ that connects all maximal extreme setsvith d(U) = cor c+ 1. Furthermore,
if such an extreme sé&t has an extreme subdgt with d(U’) = d(U) + 1, then at least
one endvertex o’ has to be placed t&)’. (This latter condition is satisfied by using
the balanced-lookahead step.)

O

Theorem 4. An extreme-sets based augmentation algorithm with cycle-increase and
balanced-lookahead steps finds an optimum cost augmentation of the input graph to
connectivityk, belonging to an increasing sequence of graphs for different valukes of
(successive algorithm).
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Proof. By the definition of cycle-increase and balanced-lookahead, the algorithm is
successive. To prove optimality, we show that the conditions of Theorem 2 hold: (2.A)
follows by Theorem 3, (2.C) is trivial. We prove (2.B) separately in Section 5.

]

3.1. Groups of phases: definition and bound

We continue the analysis of our successive algorithm using the cycle-increase and
balanced-lookahead steps. Our next goal is to show that the augmentation phases can
be divided intoO(n) consecutivegroups such that within a group, the cycle-increase
step may add the same augmenting edge set to the input graph. We define groups by
also ensuring that the balanced-lookahead step behaves in a similar way within a group
of phases. However, it cannot be required that the augmenting edge sets within a group
remain the same after processed by balanced-lookahead — all we achieve is that an
efficientO(n?) time algorithm can compute the entire augmenting edge set of the group
as it were given by the balanced-lookahead step. The details of this algorithm are in the
next subsection.

By definition, we know that the cycle-increase step depends on the system of max-
imum, maximum-1 and maximum-2 demand extreme sets. The next example describes
how balanced-lookahead depends on the demand differences of the extreme system.

Example 3.Let us consider those phases of the algorithm where balanced-lookahead
processes a fixed extreme 88t Let Uy, ..., U, be the extreme subsets @ with
di(U;j) = d minimum. Then in¢ subsequent such phas®géjs replaced first byJ; and
this increasesl(Up) to d + 1, then the same thing happens wiilh, etc. Finally, all
di+¢(Uj) = d + 1, which will be the new minimum value. The algorithm is unchanged
as long as there are no otteeand(d + 1)-extreme sets than th4.

O

In summary, the steps of our algorithm depend on the properties of extreme sets
described by the following functions (see Fig. 2)Ufe F, i.e.U is extreme inGt,
then let

— children(U) denote the (inclusion-wise) maximal extreme subsets;of

— maxchildrep(U) denote the maximum demand extreme subselts; of

— max—1childrepU) (max—2childrep(U)) denote the collection of extreme subsets
with demand maximum or maximum-1 (or maximum-2);

We use these functions with argumeéXij to denote extreme subsets of the entire graph.
By Example 3, we extract the following definition. We say that the two intermediate
augmented graphs; andGq.1 of two consecutive phases ateucturally equivalenif

(i) Ft=Fisas
(i) max—2childrep(V) = max—2childrep;1(V); and
(iii) forall U € F, max—L1childreqU) = max—L1childrep.1(U).

If (i—iii) holds, both cycle-increase and balanced-lookahead behaves in the same way in
phases andt + 1. We define group of phaseas the longest sequence of phases where
all consecutive intermediate graphs are structurally equivalent.
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Fig. 2. The laminar system of extreme sets. Thick lines denote vertex sets, dots denote single vertices. Dashed
lines illustrate pointers of the extreme system. The two vertical arrows point in the direction of increasing
values (of demand and degree)

Lemma 2. All augmentation phases can be divided into at n@@&t) groups.

Proof. We bound the number of phases when (i), (i) or (iii) is violated separately.
By (2.B) of Theorem 2 (which we prove in Section 5), (i) is violated only if there
isaU e Ft — Fi+1. This may only happen once for each initial extreme €&h)
times altogether. The number of phases (ii) is violated can be bounded similarly. By the
choice of the cycle-increase stép,e max—2childrep(V) — max—2childrep.1(V) only
if U € Ft — Fi4+1. The same holds for the cactus-increase step; notice even though there
may be an exceptional st € maxchildren(V) whose demand is decreased by two,
such a set remains in max—1childf@r). Hence (ii) may be violated at most twice for
each initial extreme set: once when it first becomes the member of max—2chikirdn
once when it becomes non-extreme.

It is less straightforward to give a tight analysis for (iii). As befddg, € max—
1children(U) — max—1childrep,1(U) only if U’ becomes non-extreme. Howevel,
may get added to max—1childi€d) for eachU > U’. By this analysis, we only get an
O(n?) bound.

We bound the number of phases where (iii) is violated by a potential function
argument. For an extreme dét let q(U) be the number of distinct valuegU;) take
for U; e childrenU) — max—1childreqU). Let p(U) = 1 for all minimal extreme sets.
For a general extremg, let

pW=1+aW+ > pU.
uiechildrenu)

Finally, let p be the sum op(U), for all maximal extremé&J.

Obviously, p remains the same if (i) and (iii) holds. Whenever (i) is violated, an
extreme set) becomes non-extrempdecreases then since each extréhf@s its own
contribution of at least one tp. Initially, p = O(n). We show thap decreases if (iii) is
violated. By the definition of balanced-lookahead max—21childygmay only increase;
this happens if the minimum degree of an extreme subskl imicreases and reaches
within distance one from the extreme sefse childrenU) — max—1childregU) with
d(Uj) minimum (allUj) are added to max—1childr@s) then). But in this casg(U)
decreases by one. The proofis complete.

O
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We complete the description of groups by proving that we have to call cactus-
increase (or some other routine increasing connectivity by one) only a constant times
in a phase. By definition, the outpEf of cycle-increase should contain an edgetsét
increasing connectivity optimally by on&;" might have to be computed individually
for each phase, hence we cannot take advantage of the simple structure of the groups.
By the next lemma, it turns out th&’ may be the same for all phases within a group.

We also show below that each group may have no more than two initial phases when
cycle-increase does not apply. This completes the description of a group.

Lemma 3. Within a group of phases, cycle-increase applies for all phases except pos-
sibly the first two phases. Let phages+ 1, ... ,t + 1o belong to the group and let
cycle-increase apply for them. LE{’ C E{ be the output of cactus-increase Ga_.
ThenE{ increases the connectivity 6k = Gi—1 + KE by one, for alk < .

Proof. To prove the first claim, notice that after two phases in which the connectivity of
the initial graphG;_1 increased by one, all maximal extreme 3&twith di (W) < ¢t +2
haved;;2(W) = c12 = ¢ + 2, with at most one exceptiond]; 2(Wp) = Ci42 + 1.
Hence if the next phase is in the same group (i.e. there are no new sets in max2ghild
then cycle-increase applies.

To prove the second claim, notice that by assumptiomadl min-cuts ofG;_1+k E
separate maximum or maximum+1 demand extreme sets. Howé/eadds X edges
to each cut with this property. Hence the min-cut€sf 1 + kE| are all min-cuts of
Gi_1, proving the claim.

O

3.2. Processing phases within a group

In this section, we complete the description of our successive algorithm by showing
that the augmenting edge set of an entire group of phases can be comp@ted)n

time. Within the same time, we also show how to compute the maximum number of
phases that remain within the same group. Together with Lemma 2 and the fact that the
intermediate extreme system does not have to be recomputed ((2.B) of Theorem 2), this
shows:

Theorem 5. The augmentation algorithm with cycle-increase and balanced-lookahead
requires the computation of the initial extreme system, cactus representaticdaior
intermediate graphs. All remaining steps of the algorithm require an additioga?)
time.

O

Before giving our algorithm to process a group of phases, we give some insight
into the structure of successive optima. We fix a group and assume that all intermediate
graphs are structurally equivalent. A statement one would obviously like to have is that
the augmenting edges are the same or have low length periods. For example, if the same
cycles could be added, that corresponds to a period of length two. Surprisingly, this
statement fails because of the effect of balanced-lookahead. Our next example shows
that even without a structural change in the extreme system, the sequence of the final
vertices selected by balanced-lookahead can égpenentially longeriods!
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Example 4.Let the vertex set o& be partitioned intd maximum demand extreme sets
U1,...,Us Letpg, ..., pe be the firstt prime numbers; let); consist ofp; vertices,
each with the same small demand. Then the augmenting edges conigdtrtd will
change with a period of length pj. The shortest period length of the entire augmenting
edge set is thuf] pi, which is exponentially large in.

Within a group oft phases, our algorithm will compute the multiplicities of each
possiblem = O(n?) edges in the augmenting edge set. Because of the exponentially
large period lengths, we have to be careful with the arithmetic model we use. Strongly
polynomiality, in general (as in [22]), allows arithmetic operations with, say, numbers
of n times larger size than any number in the input. We shall be more restrictive and
require all arithmetic operations be performed on numbers not exceeding the maximum
of the connectivity target value(which is part of the input) and?.

3.2.1. Task 1.First we show how to find the largest valugsuch that phaset g is in
the same group as phaséVe findzg by an upward recursion over the extreme system:
we definer(U) as the maximum number of edges that balanced-lookahead can add to
a fixed extreme sdtl by keepingU and its descendants structurally equivalent. In the
discussion below,) will always denote the current extreme géf; . .. , Uy its extreme
subsets with maximum demand; ddg. 1, . . . , U, the maximal ones with demand less
by one. The balanced rule seletksin the increasing order of

The value oft(U) can be initialized to be infinite for minimal extreme sets (i.e.
single vertices). Givem(U;) fori < ¢ as abover(U) is the minimum of the following
three upper bounds:

— no more tharr(U;) edges can be added to ddy letm = min{z(U;) : i < ¢}, then
(U) < m¢ + min{i : ¢(U;j) = m};
— d(U) < d(Ui) must remain valid as long dd is extreme:dg,(U) + t(U) <
dg,(U1) + [t(U)/£7; and finally
— for all maximal extreme subset$’ of U distinct from theU;, d(U’) > d(Uy1)
must hold:
(U) — ¢

th(U/) > dg, + I_T-I .

Providedr(U;) as above is known far < ¢, 7(U) can be computed i©(n) time.
Hence allz-values can be found i®(n?) time. The value of the maximum increment
with structurally equivalent intermediate graphg, is the minimum ofz(U) for the
maximum and maximum-1 demand extreme sets, and the number of phases before a new
maximal extremé&)’ attainsd(U’) = ¢; + 2. This number is mifdg, (U") — ¢t — 1: U’
is maximal extreme witlllg, (U") > ¢t + 2}.

3.2.2. Task 2.Next we turn to our second task: we compute the set of augmenting
edges added in a group of phases. We proceed by downward recursion. For each pair
of extreme set&) andW, let timegU, W) be the total number of augmenting edges
betweenU andW. Our goal is to compute times;, wj), where thew; andw; are

single vertices. We initialize tim¢d, W) = 0 or timegU, W) = to/2 for pairs of
maximal extreme sets, according to the cycle-increase step.
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Let us consider the recursive evaluation step now. For alpaiv, let balanced-
lookahead select, in order, the extreme subbhts .., Uy, and Wy, ..., W, re-
spectively. Now timedJ;, Wj) is determined as follows. Lét be the least common
multiple of £1 and{p; h divides¢1¢,. Then we determine the sequerity,, Wj,), ...,
(Ui, Wj,), in which the edges are selected. Finally,

timegU;,, Wj,) = [(timegU, W) —t 4+ 1)/h] .

The augmenting edge set is the collectian, wj) with weight timeswi, wj), where
thew; are extreme sets with single vertices (i.e. minimal ones).

Finally we analyze the running time of the procedure. Since tilheslecreases
as the size ol decreases, we never use arithmetic operations on values exceeding
max{n?, 7o}. And for each pair of extreme sdits W, we perform a constant number of
arithmetic operations to determine tinggs W). Thus the running time i©(n?).

4. A more efficient non-successive algorithm

In this section, we drop the successivity requirement to obtain an improved sequential
algorithm. We also describe the first known parallel augmentation algorithm. The algo-
rithm will require the cactus-increase step at most once, in the last augmentation phase;
in other words the “parity-like” problems in the previous algorithm are all postponed to
the end. Based on this algorithm, in Section 6 we also obtain a hypergraph-augmentation
algorithm using ordinary (two-vertex) augmenting edges, with at most one exceptional
hyperedge in the last phase.

The basic goal of our next algorithm is to avoid cactus computations that require the
construction of current intermediate graphs which are then sequentially dependent on
previous cactus computations. Our new ideas will ensure all phases be dependent only
on the system of extreme sets. While we are no longer restricted to successivity, notice
that in an algorithm using cycle-increase, we still need cactus computations at the end
of each group if its total connectivity incrementadd

We give separate ideas to handle the last phases of a group, for the different possi-
bilities why a group may end. There are two (main) reasons why a new group has to
be started: either a maximal extreme set becomes of maximum demand, or a maximum
demand extreme set has more than two maximum-1 demand extreme subsets.

Our first idea is that we conneatl maximal extreme sets with demand at least
two by a cycle — not only the maximum demand ones. It is possible to prove that this
idea gives a correct connectivity-increase step (by modifying the proof in Section 5
for cycle-increase). However, even then there caRb® groups, each of which may
possibly have an odd connectivity increment.

Our next aim is to add two edges to a maximal extremeéJseven if it has more
than two extreme subsdtk, ... , U, with d(U;j) = di(U) + 1, in a phasé. We know
that if U has maximum demand in phaseéhen we have 1 < ¢ + 1. We relax the
goal to increase the connectivity by two; instead, we only require (2.B) of Theorem 2 —
this still implies optimality. In the next example, however, (2.B) always fails:
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Example 5.Let there be a single maximal extreme détwith extreme subsets
Ug,...,Uy, £ = 3 as above. Leth(U) = c;. Then all extreme set¥/ € F; not
contained byJ havedi+1(W) > ¢ + 2; di+1(U) = ¢ + 2; finally wlog di11(Uy) =
di+1(U2) = ¢t + 2. HenceUs is the only element of; with di+1(U3) = ¢t + 1. By
Lemma 1, the complement &f3 must contain gc; + 1)-extreme set; this set is in
Fir1— F.

O

The above example motivates our second idea. We want to make sure that there are
(¢t + 1)-extreme sets in phaser 1 that are extreme in phasas well. Let us consider
a cycle connecting all maximal extreme sets. Let us select two maximum demand ones
and remove the edge connecting them; these sets wit Bel)-extreme in phase+ 1.
We obtain our connectivity-increase step by connecting maximal extreme sets in this
path in a particular order, as described next:

Definition 4. The path-increasstep is as follows. Ldily, ... , U, be the (inclusion-
wise) maximal extreme sets Gk_; (see Fig. 2) withk-demand at least two, such
that

dUp) =dUy) =d(U2) =... =d(Ue-1) .

Then letE{ be a collectionof edges fori =1, ... , £—1, whereg connectd); toU; 1.
Path-increase applies unless the connectivity incremenhe when cactus-increase
has to be used.

]

Theorem 6. An extreme-sets based augmentation algorithm with path-increase and
general-lookahead steps finds an optimum cost augmentation of the input graph.

Proof. We show that the conditions of Theorem 2 hold: (2.A) follows by Theorem 3,
(2.C) is trivial (we terminate the algorithm when the intermediate graph has connectiv-
ity k). We prove (2.B) separately in Section 5.

O

We complete this subsection by showing that if a maximal extreme set is ever selected
to receive a single edge by path-incredse ¢r U, in Definition 4), then we may keep
that set as long as it remains extreme. Notice that this fact is crucial in handling groups
of phases. We prove a slightly stronger lemma:

Lemma 4. Let E{ and E;, be the edge sets selected by path-increase in phames

t’ > t. LetU; andU, be the maximal extreme widff{ (U = dE{ (Uy) =1 LetU; and

U, be these sets in phase Then by appropriately breaking ties in path-increase, we
may assumel; € Ug andU,, < U,. Furthermore, ift andt” are in the same group, we
have equality.

Proof. It suffices to show the claim faf = t + 1. By definition, no extreme set has
demand more thad, andUy, in Gi_1; furthermore all non-maximal extreme sets have
strictly greater demand. Hence@y, U1 andU, have maximum demand. We are done
if Uy andU, are still extreme; otherwise, they contain another extréinandU,, with
the same (maximum) demand.

O
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4.1. Groups of path-increase and lex-lookahead

In the previous section, we described path-increase as a connectivity-increase step that
enables us to increase connectivity by the knowledge of the extreme system only. Now
we describe a simple implementation of the general-lookahead step that makes the
grouping technique (Section 3.1) particularly simple. In the discussion, we also fix the
target valu&k and always talk abolw-demands.

The lex-lookaheadstep is the following implementation of general-lookahead.
Whenever an extreme s#f is replaced by its extreme subset, we choosdéekieo-
graphically firstsuch set with positive demand.\¥ has no positive demand extreme
subsets, then we select the same verteWahat was selected the previous time lex-
lookahead process&tl. We assume that the vertices@fare numbered by a depth-first
search of the tree corresponding to the system of (initial) extremeZdtote the
vertices ofG are leaves of this tree). We remark that this lookahead step does not yield
successive algorithms.

First we prove that if processed by lex-lookahead, the augmenting edge set of
each phase within a group is the same — recall the augmenting sets could even have
exponentially long periods when processed by balanced-lookahead. We in fact show
a stronger property: under the particular numbering of the vertex set we required, lex-
lookahead selects the same verntér an interval of phases:

Lemma 5. Assume that the vertices@fare numbered by a DFS ordering of the system

of (initial) extreme sets”. Let us consider an extreme-sets based algorithm that uses
lex-lookahead and satisfies (2.B) of Theorem 2. Then the phases when an augmenting
edge is added to a vertexform an interval.

Proof. Assume an edge is added to verteix phaset. Let W be the maximal extreme
set of phasé + 1 with v € W; assumeéVN has demand at least one and hence another
edges are added to it in phase 1. Assume that one of these edges is added to some
w # v, w € W. Then the claim follows if we show that no further edges may be
added to vertex. To show, letU € W be the minimal extreme set of phase- 1
containing bothv andw. By (2.B), U is extreme in phastas well; letU’ andU” be
its lexicographically first extreme subsets with positive demand in phasedt + 1,
respectively. Clearlyw € U”; to seev € U’ notice that lex-lookahead is based on
a depth-first search numbering of the tree corresponding to the extreme system and is
hence not affected by deletions of sets. Weldett U” by the maximality ofU. The
subsetU” may not exist; in this case all further edges indifl@re added t@ by the
definition of lex-lookahead. Otherwise again by definition the demahd ¢ds well as
any of its subsets) must be 0 and no further augmenting edge may be ad#led to

O

Theorem 7. In a sequence of consecutive steps when the positive-demand extreme sets
of the intermediate graphs are the same, we may add the same augmenting edges
to G. The time to find one such edge seh&). Hence the augmentation algorithm

with path-increase and lex-lookahead finds an optimum augmentation by computing the
initial extreme sets, a cactus representation of an intermediate graph, and Qgiry

extra (sequential) time.
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Proof. Recall that consecutive phases when the system of extreme sets does not change
are called groups. Assume we know the number of phaseghin a group. Path-
increase can be assumed to select the same edBgtset emma 4; the sdE; given by
lex-lookahead will also be the same over the phases by Lemma 5. Hence we may choose
7E; as the augmenting edge set of the entire group. Lex-lookahead can be performed in
O(n) time by depth-first search on the system of extreme sets. Hence the augmenting
edge set of the group can be founddxn) time. The number of groups is bounded by
O(n), the number of initial extreme sets.

We show how to compute the number of phasesin a group starting at phdsst U
be an extreme set with, (U) equal 1 or 2. Let1 be the lexicographically first maximal
extreme subset df; let Ug be the maximum demand one distinct frép. Assuming
thatU; is extreme in phasg + t, dy1(U) = di—1(U) + (' + 1)dg, (U). By Lemma 1,
if U is non-extreme, it has an extreme subdéwith dy,¢(U") < dyy(U). Thus by
constructionlJ becomes non-extreme in phasexactly if dy,{(Ug) = dy 4 (U); i.e.
t'(U) = (di—1(Ug) —di—1(U))/dg, (U). Thent is the minimum of’(U), over all extreme
U with dg, (U) > 1. This value is found by depth-first search again. Note here that this
value may be fractional wheh, (U) = 2; this may mean exceptional cases when the
two edges of phase+ t get added to distinct vertices. The number of such exceptional
phases is not more thad(n), the total number of groups.

O

4.2. Parallel implementation

We implement our extreme-sets based algorithm with path-increase and lex-lookahead
routines on a PRAM. In the implementation we ignore details about ERIREUIV,
number of processors and steps other than the fact that there are a polynomial number
of processors and the time used is polylogarithmic. We assume that the initial extreme
systemF is given and that we can compute the cactus representation in the final
phase. We give parallel algorithms for these tasks in Part |l cBlotus-increase

subroutine also requires an Euler tour of the cactus representati@{ndiprocessor
parallel algorithm to find an Euler tour is in [1]. The numbering of the vertex set
necessary for lex-lookahead can be obtained in pai@llelg n) time withn processors

by computing, say, a pre-order numbering of the leaves of the tree corresponding to all
extreme sets [37].

Similar to the previous sequential algorithm, our parallel algorithm will have the
following high-level steps. First for each vertex we compute the intervals when
augmenting edges are added to that vertex as in Lemma 5. By sorting all starting points
ofthese intervals, we obtain all group boundaries. We compute the maximal extreme sets
of phaset, for all group boundaries we also compute the two exceptional maximal
extreme sets that receive a single edge by path-increase. Then we can compute the
augmenting edge set for each group in parallel. The final augmenting edge set is the
parallel sum of all these edge sets.

The above procedure will require the following data structure D1-5. As in Section 3,
we let childrep(U) denote the maximal extreme subset&Join phasd. In particular,
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children(V) are the current inclusion-wise maximal extreme sets in phadéthout
the subscript, we refer to the initial extreme systefi

D1 The sets in childraiV) for all t. By taking the union over all possibtewe get
a sub-tree of the initial system of extreme sets which we dehote

D2 For each nod® € 7, a mark by the first phagewhenU € children(V). By T
and the marks, childre(V) is computable for any inputby a parallel algorithm.

D3 Two sub-paths of", which consist of the sets that receive a single edge in path-
increase (there are such paths by Lemma 4).

D4 For each vertex € V, the interval of phases (as in Lemma 5) when augmenting
edges are added to

D5 Forallu € T, first(U), the first phase whed receives an augmenting edge.

Before describing the parallel construction of the above data structure, we notice that
we face the technical difficulty that there are “exceptional” current maximal extreme
sets that get a single augmenting edge in a phase, while the “typical” sets get two
edges. Instead of keeping track of the exceptional sets, we first compute D1-5 under the
assumption that each maximal extreme set receives only one edge per phase. Then we
compute an initial state of the extreme system when all end-vertices are already added
to such exceptional sets. Hence we handle end-vertices added separately as exceptional
and as typical ones.

In summary D1-5 is computed in the following sub-steps:

1. Compute D1, D2, D4 and D5, under the assumption that each (current) maximal
extreme set gets a single augmenting edge in a phase. The parallel implementation
of this step is given at the end of this subsection.

2. Select the two sub-paths $fas in D3. Start from two maximum demand extreme
sets; recursively select the current maximum demand subset of each element over
the path. In order to sele@t, we can compute the current demand of an extreme set
U from its initial demand and firgt)). Then the parallel path selection is a pointer
jump operation over this tree (see e.g. [29]).

3. FromT, select all extreme set$ that are maximal subject to not occurring in the
path selected in step 2. For each sugloffset the phase number by the number
of the first phase whed e children(V); for all extreme subsets &f, use as initial
demands the demand in phdse

4. Erase fronT all sets selected in step 2. Recompute D1, D2, D4 and D5 for all
remaining sets by modifying the procedure of step 1 such that two edges are added
to each maximal extreme set in a phase.

Next we show how to compute step 1. We use the assumption of Lemma 5 on the
numbering of the vertex set. We will obtain D1, D2, D4 and D5 (under the assumption
of step 1) in a sequence of steps.

4.2.1. Parallel tree operationsOur parallel algorithm is based on pointer jump and
parallel prefix computations over trees. Next we briefly survey the necessary background
asin[29,37,9].

A parallel prefix computatioiis an O(logn) time parallel procedure that, given an
input sequence of constards, ... , an, computes another sequenge. .. , y, where
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y1 = a; andy; = yi_1 @ &. Hered is an arbitrary associative operation; addition and
maximization are both examples of a prefix computation.

Theleaf fixandroot fixoperations are parallel prefix computations over all subpaths
of a tree; for leaf fix, these paths lead from the root towards the leaves while for root
fix, the orientation is opposite. By the Euler tour technique of [37], these operations
can be reduced to segmented prefix computations over the Euler tour of the tree. Root
fix enables one to compute in parallel a wide variety of functions with constants and
operators stored in trees [29].

4.2.2. An exceptional tree computation: rderfirst of all our algorithm will require

the values rdeiiy) for U € F of the initial extreme systenF. Unfortunately the
recursive formula of rdem involves addition and maximization. Since the latter is not
distributive over the former, we may not directly use the root fix operation or the Euler
tour technique as above.

We give the following algorithm to compute rdem. In thth parallel step we will
compute rderfl) for all U € F that has at least'2! and at most 2— 1 distinct
extreme subsets. We are done if tiié parallel step runs in polylogarithmic time. This
is trivially the case iU has no extreme subset of at least'2further subsets.

Next we turn to the case when some extreme Betgith at most 2 — 1 extreme
subsets have subsdiE with at least 21 extreme subsets. Such séise F form
subpaths of the tree correspondingZo We show that in this case rd€d) can be
computed in polylogarithmic time for all elemends c Uz C ... C U, of a subpath,
in parallel. Fori < ¢, let d; denote the sum of rded’) for all extreme subsets
U’ # Ujyq1 of U;. Then

rdemUy) = max{ demUy), dx + demUy1), dk + kg1 + demUy;2), ...,
dq + diy1 + ... +de—1 +demUy), d¢ + dky1 + ... +de },

where the computation consists of two parallel prefix operations (addition and then
maximization) for eack < ¢.

4.2.3. Foreach extreme set, we assume thét is the only set that receives augmenting
end-vertices. For all extreme subsetsc U, we compute staft), U’), the number of
augmenting end-vertices addedtbefore any of them is addedtt. We do a top-down
recursion by computing statd, U;) first forUy, Ua, ... , Uy € childrenU):

startU, Uj) = ) " rdemU;) .

j<i

These values can be found by a parallel prefix computation over the sequenctof the
Finally the recursive step is a root fix operation. Rdf € childrenU), let
parentU’) = U; then for a fixedJo and another extremnig > U,

star(parentV), Ug) = star(U, Up) + star(parentU), U) .



616 Andras A. Benczlr

4.2.4. Underthe scenario of Step 2, we compute the maximum number of edgéb end
that can be added td so that the demand &f is larger than any of its extreme subsets.
Assumer new end-vertices are addeddgthen we can compute the current demand of
any subset of) by the values of staft), U’). Hence forlU’ c U, we can also compute
the minimume (if there is such) when the demandwfis not less than that &. Then
endU) is the minimum of all these values, over all extreme subsetk. of

4.2.5. Now we can find all extreme sets that become maximal extreme at some phase
of the algorithm. Hence we can form the sub-tfeef the extreme system as required

in D1. The pointers of the sub-tree are found by a pointer jump operation. All we need
is an easy observation: an extremel$ebecomes maximal in some phase exactly if for

all extremeU > U/,

endU) < endU’) + star{U, U) .

4.2.6. We compute firgl)) (D5), forU € T, by leaf fix. The base operation for an
immediate successtt’ of U in 7 is

first(U’) = first(U) + min{endV), star{U, U")} .

Then we easily get D2: 1)’ is an immediate successordfin T, then the first phase
whenU’ becomes maximal is firdt)) + endU).

4.2.7. For each vertex, compute the interval of phases when an edge gets added to
it (D4). As an auxiliary data, compute for each fixdde 7, v € U the sub-intervals
when an edge is added tcandU is extreme. These intervals can be computed by the
knowledge of firstU) and startU, w) for all w € U. Then the intervals required in D4
can be formed by taking the minimum of the sub-interval starts and the maximum of
the ends.

5. Proofs of optimality

In this section, we prove (2.B) for three connectivity-increase steps: cactus-increase,
cycle-increase and path-increase; hence we complete the proof of Theorems 4 and 6.
The results of this section can be read independently of Sections 3 and 4; all is required
is the definition of the corresponding connectivity-increase steps.

Throughout the proofs, let grap8’ arise by adding a set of edgés to G.
Observe that in all three cases at most two edges are added to any extrevide set
of G (der(W) < 2). We prove the correctness (i.e. that (2.B) holds) by contradiction:
we assumé) is an extreme set @&’ but not ofG.

The next three lemmas form the base of the analyses. We note here that all we require
for G is that the cut value functiothis symmetric submodular, hence the results of this
section apply ifG is a hypergraph. For more details, see Section 6.

Lemma 6. LetW C U be an extreme set @. Thendg(U) < dg(W) + dg/(W) —
der(U) — 1.
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Proof. By definition of extreme irG’, dg/(U) < dg/(W) — 1. Expandingls’ as the sum
of dg anddg gives the result.
|

Lemma 7. U contains an edge d&’ and contains or is intersecting with at least two
extreme setX1 and X, of G withdg/ (Xj) > 1fori =1, 2.

Proof. If U is not extreme irG, by definition there is &’ ¢ U with dg(U’) < dg(U).
If we apply Lemma 6 tdJ andU’, we get thadg (U’) > dg/(U) + 1, implying that
there must be an edgeof E’ within U. If e connects the maximal extreme séts
and Xz, then these sets are either intersecting with or containédl, lag required.

|

Lemma 8. If U intersects an extreme s&/ of G, thendg (W) = dg(W N U,
U-W =2, der(U) =0; anddg(W — U) = dg (W) + 1.

Proof. By definition of extremedg(W — U) > dg(W) + 1. This implies by sub-
modularity thatdg (U — W) < dg(U) — 1. On the other hand, by the definition of
extreme,dg/ (U — W) > dg/(U) + 1. Combining the two latter inequalities, we get
thatdg/ (U — W) > de/(U) + 2. Since all edges not counteddg: (U) but counted in
der(U — W) connecU N W andU — W, there are at least two such edges; furthermore
der(W) > 2. Sincedg/ (W) < 2 by the construction oE’, equality must hold every-
where, proving the claims.

|

Thefirsttheoremis also found in Naor etal. [32]; we include it here for completeness.
Theorem 8 ([32]).(2.B) holds for the cactus-increase subroutine.

Proof. Let U be an extreme set @&’ but not of G. By Lemma 7, there is an edge
e € E’ connecting extreme seWw andW'’ of G, with e ¢ U. By the definition of
cactus-increase we may assudie(W) = 1. Hence by Lemma 8V ¢ U. Now by
Lemma 6,dg(U) < ¢ — dgr(U). Thusdg/(U) < c, contradicting our assumption that
G’ has connectivityc + 1).

|

Theorem 9. (2.B) holds for the cycle-increase subroutine.

Proof. Let G andG’ be the graphs before and after adding the augmenting edges; let
G have connectivityc. The claim is true by Theorem 8 whe is just the output of
cactus-increase. Otherwise lgtbe a set which is extreme i@’ but not in G. By
Lemma 7 U contains or is intersecting with maximal extreme $&teith dg/ (W) > 1.

By the definition of cycle-increase, all sug¥t havedg(W) = cordg(W) = c+ 1 as

well asdg/ (W) = 2.

Firstassume that there i8¥as above that is intersecting with Then by Lemma 8,
de(W—-U) = dg(W)+1, and by Lemma MV — U must contain an extreme dét with
ds(U’) < dg(W) + 1. By Lemma 8, we also get that both end-verticeRoh W are in
WnNU;thusdg (U") = 0sincel c W. This contradicts the definition of cycle-increase
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where we require al{dg (W) + 1)-extreme subsetd’ of a maximal extrem&V with
d(W) < c+ 1 havedg/(U’) > 0.

Next assume that n@V as above is intersecting witd, but there is a maximal
c-extremeW c U. By Lemma 6¢ < dg(U) < c+ 1 — de(U), thusdg (U) < 1. By
the algorithmdg (U) = cimpliesdg/(U) > 2 anddg(U) = ¢+ 1 impliesdg (U) > 1.
This contradicts the above inequalities.

Finally assume thdtl avoids allc-extreme sets, but contains the (unique} 1)-
extremeW. Since E’ connectsc-extreme sets antlV by a cycle,dg/(U) > 2. By
Lemmalc+ 1 < dg(U). By Lemma 6dg(U) < c+ 2 — dg/(U), thusdg (U) < 1,
a contradiction.

O

Theorem 10. (2.B) holds for the path-increase subroutine.

Proof. In path-increased(Uy) = d(U1) < d(U2) < ... < d(U,_1) are the maximal
extreme sets withw(U;) > 2; the algorithm selects an edge &t= {e1, ..., e—1}
with g connectindJ; andU;. 1. LetU be an extreme set @' but not ofG.

Lemma 9. There exists no < ¢ such that both vertices & belong toU and both
vertices ofg_1 or g1 belong toU.

Proof. Recall that bottg 1 andg have a vertex irJj;1. The claim is immediate if
Uit1 C U; elseUj4+1 andU intersect and the claim follows by Lemma 8.
O

Corollary 1. If dg/(U) = 0, then both vertices a& are contained irJ for all i < ¢
andU NU; £ @ fori < ¢.

Proof. By Lemma 7 both vertices & are contained itd for somei . The claim follows
by applying Lemma 9 inductively for increasing and decreasing valuies of
O

Lemma 10. Uy, U, C U.

Proof. By Lemma 8,U does not intersedt); and U, since by the construction of
E’, dg/(U1) = der(Uy) = 1. If one of them is contained by, we getdg(U) <
c+ 1 —dg(U) — 1 by Lemma 6; this is possible onlyds (U) = ¢ anddg/(U) = 0.
By Corollary 1U N U; # ¢ fori < ¢ then. However by Lemma 1 there isa&xtreme
subseiX of U; d(X) = cimpliesw(X) > 2. We reached a contradiction, sinéehould
be included among thd;.

O

By Corollary 1 and Lemma 10, we get théy/(U) > 1. By Lemma 9 and by the
facts thatU;, U, € U we also get thatle/(U) > 2 then. By Lemma 8 no extreme set
U; can intersect). Leti be minimal such thdt); c U.

We complete the proof by using the above choic&pfind exhibiting a maximal
extreme setX with dg(X) < dg(Uj) and X ¢ U. Such anX hasw(X) > 2 and
hence must be equal to sordg for k < ¢. By the choice of, k > i. This provides
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a contradiction with the choice &', sincedg (Ux) > dg (U;j) forall ¢ > k > i. To find
this setX, by Lemma 6 we gedg (U) < dg(Ui) +2—dg/(U) — 1 < dg(U;j) — 1. Hence
there is an extreme séf c U of G (by Lemma 1) withdg (W) < dg(Uj). There must
also be a maximal extreme s¥t> W with dg (X) < dg(U;) (possiblyX = W). We
reached the desired contradiction.

ooo

6. Hypergraph augmentation

We show that the general augmentation scheme can be applied to the hypergraph
connectivity augmentation problem. For a hypergr&ptvith vertex setv, we define

the value of a cutC|C) as the total capacity of the hyperedges containing vertices on
both sides of the cut. The connectivity value is defined as the minimum cut value. We
may define th&-demand of sets, partitions and laminar families in the same way as for
ordinary graphs.

There may be different interpretations of the hypergraph augmentation problem.
Unlike in the ordinary graph case, augmentation is possible either by ordinary or by
hyperedges. The more vertices there are in a (hyper)edge, the more efficient that edge
is in augmenting the connectivity. It turns out that the hardest case for the augmenta-
tion problem is when only ordinary edges are allowed. This most restrictive problem
was completely solved by [2]. For other formulations of the hypergraph augmentation
problem, we refer the reader to [36,13].

We consider a different and in several senses simpler problem. We allow hyperedges
to be added as well. We measure the cost of a hyperedge by its size (number of vertices
contained). However, we only allowsinglehyperedge in the solution. For this problem,

a similar bound as in Theorem 1 can be obtained for the optimum cost. As it is noticed
in [8], this same bound on the augmentation costis insufficientif no hyperedge is allowed.
We note it here that an independent proof of the single-hyperedge-augmentation result
is found in [5].

Theorem 11. The minimum cost of hyperedges needed to augment hypergraph connec-
tivity to target valuek is maxdem(P, k) : P is a sub-partitior}. There is an optimum
solution containing at most one hyperedge.

We will prove this theorem by showing that the extreme-sets based augmentation
algorithm with greedy-lookahead and path-increase steps is optimal in all except for the
last augmentation phases (when path-increase cannot be applied). First of all, we have
to show that the definition of extreme sets makes sense for hypergraphs:

Definition 5. A non-negative valued functiaon subsets of satisfyingd(X) = d(X)
andd(X)+d(Y) > d(XUY)4+d(XNY) is calledsymmetric submodulafFhe hypergraph

cut value function is known to be symmetric submodular. For a symmetric submodular
functiond, X c V is calledextremef d(X) < d(X") for all X’ c X. The extreme sets
form a laminar family.

Now we naotice that neither the lookahead nor the path-increase steps require the
underlying graph be ordinary (with no hyperedges). The proof of Theorem 10 works for
arbitrary submodular functiorss Hence we may prove the main result:
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Proof. Let the input hypergraph b&, the target connectivity bk. We know that
(2.A-B) holds if we use the path-increase and greedy-lookahead steps to optimally
augment to G’ with connectivityk — 1 by ordinary edges. L&k’ consist of the system
of k-extreme sets o6'. Let e be a hyperedge with one vertex in each sefFof By
Lemma 1, each min-cut @’ containsk-extreme sets on both cut sides; thus (2.C) holds
if we add edgee. (2.B) holds vacuously. Finally to show (2.C), notice that the cost of
is dem/ (F', k). The proof is complete by Theorem 2.

O

Part II: Extreme sets and cactus algorithms

In the second part of the paper, we describe the necessary subroutines (extreme sets
and cactus algorithms) to obtain efficient augmentation algorithms for ordinary graphs.
Notice that we no longer consider the hypergraph augmentation problem. We will
summarize the running times we achieve in the Conclusion (Section 10).

Until recently, there has been few effort in giving efficient cactus and extreme sets
algorithms. Gabow [16] described efficient algorithms for graphs with unit edge weights
based on a surprisingly efficie®(cm) time min-cut algorithm [14]. For weighted
graphs, howevef)(nm) time flow and min-cut algorithms (see e.g. [20,23]) have been
used. The basically only known cactus algorithm by Karzanov and Timofeev [28] (with
slight modifications and improvements in [34]) requires the computatior-af flows.

The extreme sets can be found againnby 1 flow computations via a Gomory—Hu
tree [21], as described in [32].

The flow-based algorithms seem hard to be improved. There has been a lot of
(unsuccessful) effort in improving Gomory—Hu algorithms ( [23, 26, 3] etc). The only
positive result is that the — 1 flow computations required to find min-cuts can be
pipelined to a single one. However, the Karzanov—Timofeev cactus algorithm requires
these flows in a specific order that the Hao—Orlin algorithm cannot guarantee.

As for parallel algorithms, it was known for relatively long that min-cuts can be
found by the randomized algorithm of Mulmuley, Vazirani and Vazirani [31]. Based on
this result, Naor and Vazirani [34] described a parallel cactus algorithm. On the negative
side, finding general flows (and hence Gomory—Hu trees) is known to be P-complete.
Prior to our result, no parallel extreme sets algorithm has been known.

The recent breakthrough of Karger and Stein [26] shows that (even all) min-cuts
can be found much quicker that the current best flow algorithms. Provided Monte Carlo
algorithms are allowed, all min-cuts can be foundim?) time; this algorithm is very
efficient in parallel as well. Recently, Karger [25] also gavem)-time algorithm
that finds a single min-cut.

Our most efficient algorithms are based on the Karger—Stein algorithm. One may say
that using a faster min-cut algorithm is a trivial way to improve cactus or extreme sets
algorithms. However as we describe in Section 7, the time to even list all min-cuts can
beQ(n3); hence it is a non-trivial task stay within ti&(n?) time in our algorithms. In
our algorithms, we strongly build on the cactus representation and a recent near-mincuts
representation [3] to efficiently handle the system of cuts found by the Karger—Stein
algorithm.
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Summary of new results

In the bulk of this section we present deterministic, randomized and parallel (RNC)
algorithms for building the cactus representation and the system of extreme sets. Our
algorithms are based on the new approaches to find min-cuts, and in particular on the
contraction-based algorithms of [24, 26].

The most important new results are Monte Carlo algorithms for finding extreme sets
in RNC and in sequential

O(n? min{n, log(z/c), log(nU/c)})

time, with high probabilities. Notice that our augmentation algorithm is the first, where
computing extreme sets is the computational bottleneck. Our sequential algorithms
(Section 8) rely on the Karger—Stein algorithm [26] and the near-minimum cuts data
structure of [3] that efficiently handles the output of the Karger—Stein algorithm. The
parallel algorithm (Section 7.2) is based on the previously unknown property of the
contraction algorithm of Karger [24] that it finds a collection®@fn®) sets that include

all extreme sets. Our results indicate that finding extreme sets is a much simpler task
than finding a Gomory—Hu tree, in a similar manner as finding min-cuts is easier than
computing flows.

We present efficient cactus algorithms based on both the Hao—Orlin and the Karger—
Stein algorithms. Recently Lisa Fleischer [11] showed that the Hao—Orlin algorithm can
be turned to an efficient cactus algorithm with (deterministic) running tirfgiisn); an
O(n?)-time Monte Carlo cactus algorithm based on the Karger—Stein algorithm is given
in [27]. Independent of these two results, we give a somewhat different cactus algorithm
based on a slight modification of the Karzanov—Timofeev cactus algorithm [28]; our
specific implementations match the time of [11,27]. The advantage of our algorithms
is that they are based on a general framework that may be compatible with potential
new min-cut algorithms. While our presentation of the Hao—Orlin implementation in
Section 9.4 is brief and we refer to [11] for more detail, we give the full details of our
Karger—Stein based algorithm in Section 9.5.

7. Randomized contraction-based connectivity algorithms

In this section, we describe the Karger—Stein algorithm. We start by describing its main
subroutine, theontraction algorithnof Karger [24]. In the discussion of the contraction
algorithm, we also show the previously unknown fact that the contraction algorithm can
find the extreme sets. Our parallel extreme sets algorithm (Section 7.2) is based on this
fact.

7.1. The contraction algorithm

Karger[24] describes theontraction algorithnas follows. We repeatedly pick arandom
edgé of the existing graph and contract its end-vertices. The procedure terminates when

2 For graphs with edge capacities we replace a capacigige by a set ofi unweighted parallel edges;
uniform random selection is then made among the multi-edges. For more details see [24].
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the graph hak > 2 remaining vertices is a parameter given in advance. A sutvives
the contractions$f no cut edge is contracted, i.e. if the two vertices of the final graph are
the contracted sides of the cut.

Theorem 12 (Karger [24]). A fixed min-cut survives contractions ko> 2 vertices
with probability 2(n~2).
i

We will need the following extension to this theorem, which we prove below. The
proof is almost exactly as that of Theorem 12. In the lemma below, notice the difference
that contraction tdwo vertices is not allowed.

Lemma 11. LetG have an exceptional vertexsuch that all cuts oG except(v|V — v)
have value at leagt(d(v) may be arbitrarily low). Then a fixed cut with val@survives
contractions tck > 3 vertices with probability2(n=?2).

Proof. An intermediate contracted graph wittvertices has at leagsk — 1)¢/2 edges,
since eachw € V — v corresponds to a vertex subset of the initial graph and thus
d(w) > € On the other hand, the fixed c(€|C) containst edges, provided it has
survived contractions up tovertices. Hence the probability th@|C) does not survive

the contraction to the nexk — 1)-vertex graph, given that it has survived contractions

up tok vertices, is at most

(o

&=z - dkD.

Hence the probability thaC|C) survives contractions to three vertices is at least
2 2 2 2
1- 1- o (1=2)(1=-2)=6(n?).
( (n—l))( <n—2>> ( 4)( 3) (%)

Finally, we show that the contraction algorithm finds not only min-cuts, but extreme
sets as well. By running the contraction algorithm until the graph is contracted to two
vertices, we consider all — 2 sets that ever get contracted to a single vertex in this
procedure. By the next theorem, these sets will be our extreme sets candidates.

O

Lemma 12. In the contraction algorithm, a fixed extreme Beis contracted to a single
vertex before any of the edges leavigets contracted with probabilitg2(n—2).

Proof. If we contracl to a single vertex for an arbitrary extremeSg{U|U) becomes
the (unique) min-cut of the contracted graph. If we apply the contraction algorithm to this
graph,U survives contractions with probabilitg(|U|~?) = (n~?), by Theorem 12.
This means that if we apply the contraction algorithm to drainal graph,U is
contracted to a single vertex before any edge of the boundadyisfcontracted, with
probability 2(n—2).

O
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We also mention another result of Karger [24] relating to Theorem 12. The con-
traction algorithm can be used to find cuts with value witlini.e. withina times the
minimum. Here the same calculations as in the proof of Lemma 11 give a probability
of ®(2-2) for such a cut to survive contractionsftda] vertices.

All four of the above results can be applied as follows. We repeat the contraction
algorithm®(n? logn) times (in parallel). In the case of cuts within vatug we increase
this amount to®(n% logn). Then the probability that a fixed min-cut or extreme set
is found is 1— polyfl(n). Since there ar®(n) extreme sets an@®(n?) min-cuts, this
proves that all of them are found, with high probability.

In Section 7.3 we presenta more efficient way to apply the contraction algorithm for
finding min-cuts. Next we give a parallel implementation of the contraction algorithm
to find extreme sets.

7.2. A parallel (RNC) extreme sets algorithm

We are left with the following task to solve. The independent runs of the contraction
algorithm produce a syste of ©(ndlogn) candidate extreme sets { 1 per each

run). Then the non-extreme sets have to be removed &ofstraightforward way to
select extreme sets is to compare all p&rsS € S; if S € § andd(S) < d(S),
thenS; can be removed fror. Assume that initiall\S contains all extreme sets. Then

by Lemma 1, for all non-extreme sefg € S there exists an extreme s8t satisfying

the above pair of inequalities. Hence the remaining sets will all be extreme. This results
in an algorithm that — although not in a very efficient way — finds all extreme sets. We
give improved extreme sets algorithm in Section 8.

We are ready to present the first known parallel (RNC) algorithm to find extreme
sets. First we get the systefnhof candidate extreme sets as in the previous section as
follows. A parallel implementation of the randomized contraction algorithm is given by
Karger [24]. We selea®(n?logn) random sequences to run the contraction algorithm
with. Then for all the sequences and the valkesn,n —1,..., 2 in parallel, we run
contractions t& vertices by the parallel algorithm of Karger. Thus by selecting the last
newly created contracted vertex in each of the runs, we get the system

Finally, we compare all candidate extreme sets pairs in parallel. We asgign
cessors for each pair of candidate sets, one for each graph-vertex. In packdtph)
time, we may decide then if one element of the pair contains the other. If fBrea8§
we find another sucB € Swith S c S d(S) < d(S), then we markSas non-extreme.

By removing all marked sets, we are left with the system of extreme sets. Finally, the
pointers of the extreme system can be built as follows: for all extremé&Jsetparallel,
we select the minimal extreme set containihgThis completes our algorithm.

7.3. The Karger—Stein algorithm
The Karger—Stein algorithm [26] finds all min-cuts in ti®én? log® n). This algorithm

can be modified to find all cuts with value at mast wherec is the connectivity and
is a constant. The running time becon@@?*). These running times are surprisingly
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low, if we notice the following. The number of min-cuts can be as larg&éa%)

([10] and [24]). Hence the space needed to list all min-cuts ma2(€). Hence the
Karger—Stein algorithm runs in “sub-linear” time, i.e. it must produce some kind of
representation of the min-cuts wit(n?) size.

In algorithmic applications that need all min-cuts, one has to be very careful with
applying the Karger—Stein algorithm. Both the cactus-increase step and (as we will see
it in Section 8) our efficient extreme sets algorithms need access to all min-cuts. It turns
out that the output of the Karger—Stein algorithm itself is (most likely) insufficient to
provide the necessary access to all cuts. Hence algorithms that turn the output of the
Karger—Stein algorithm to other representations with easier access to cuts are crucial
in our applications. One such algorithm is the cactus algorithm of Section 9.5; another
is the recenhear-mincutsrepresentation of Benczur [3]. We crucially build on this
representation in our extreme sets algorithm (Section 8.3).

Let us have a closer look at the Karger—Stein algorithm itself and the representation
of min-cuts given as its output. The algorithm builds a collection of binary tiges
i =1,...,t as follows. For a grapkso with ng vertices on the current leaf level of
some7T = Ti, the two new children will contain graphs witiy/+/2 vertices. These
two graphs arise by applying the contraction algorithm of the previous subsection twice
for Gp. The final leaves of contain graphs with two vertices, or equivalently, a two
sides of a cut, each contracted to a single vertex.

We remark that in the cases of second minimum cuts or cuts with value within
we have to modify the algorithm. First of all we terminate contractions with more than
two vertices as in the corresponding cases of Section 7.1; all cuts defined by partitions of
these two or more vertices are found by the algorithm. Furthermore for a comstaht
we contract amo-vertex graph tag/ 3/2 vertices. The running time then increases to
O(n?).

As Karger and Stein [26] show, a fixed min-cut survives all contractions up to at
least one of the leaves with probabilii(1/logn). Hence by setting = ©(log? n),
the leaves of the trees will contain all min-cuts with high probability.

To achieve the very efficient running time, it is crucial that for an intermediate graph
Gop, we may spend onIgD(ncz,) time for contraction. But in that casenf = o(n), we
are not allowed to carry information on tleeiginal graph. Hence at a vertexof G,
all we know is the set of vertices in the parent@f that are contracted ta Vertices of
a cut can be “unwrapped” by traversing the path up to the root.

So far, we have discussed how the Karger—Stein algorithm finds all min-cuts. It
remains open whether it could find the extreme sets as well. Note that finding the
extreme sets is the bottleneck of both of our sequential (randomized) and parallel
algorithms. Hence such an application of the Karger—Stein algorithm could improve the
augmentation problem.

8. Sequential algorithms to find extreme sets
We describe two extreme sets algorithms. The first algorithm with running time

O(n?min{r, n}) (Section 8.1) is based solely on finding min-cuts and serves as an
illustration of the main ideas in an extreme sets algorithm. Our second extreme sets
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algorithm (Section 8.3) uses the Karger—Stein algorithm to find cuts within a multi-
plicative factor of the minimum: extreme sets are repeatedly extracted from all cuts of
value betweed ~1 . cands' - ¢, fori = 1, 2, etc. TheO(n?log(U/c)) running time of

this algorithm is thus dependent on {&yc), whereU is the largest edge weight in the
input graph. Notice that one may expét&andc be within a polynomial factor of one
another, in which case the running time is j@?). Our algorithm uses theolygon
representatiorof all such cuts [3] as a query structure to the Karger—Stein algorithm.

8.1. Afirst sequential randomized algorithm

In our first sequential algorithm, we build on the fact that the minimum weight extreme
sets of a graph are all minimal min-cut sides. This fact is noticed by Naor et al. [32].
Hence the first step of our algorithm is easy: we build the cactus representation of all
min-cuts by the algorithm of Section 9.5; then we use another observation of Naor et
al. [32] that the minimum weight extreme sets are precisely the degree-two nodes of the
cactus.

We continue with finding heavier extreme sets. Recall that ¥ &etalledd-extreme
if X is extreme withd(X) = d. Assuming that we have found all-extreme sets over
alld’ < d, we aim to recurse over all maximal sets of vertitésuch that for all known
extreme setX, M € X or M N X = @. Such setdM form a partition ofG’s vertex
setV. In order to find the next level of heavidrextreme sets, we consider a graph
with V — M contracted to a single vertex. If the connectivity value of this gramh is
then we findd-extreme sets as min-cut sides as before. How&grmay have a single
min-cut(M|V — M) with d(M) < d; then the next level of heavier extreme sets within
M correspond t@econdninimum cut sides oG .

We give a procedure to seledtextreme sets from the second minimum cuts of
a graphGy that has a unique min-cut with a single vertex on one side. We saw in
Lemma 11 and Section 7.3 that the Karger—Stein algorithm can be used to find the
second minimum cuts of valugin the aboveG). However, we may no longer build
a cactus representation to find the extreme sets. Instead, we describe a direct method
similar to the cactus algorithm of [26]. The Karger—Stein algorithm budd®g? n)
binary trees7; whoseO(n?) leaves contain the candidate sets. Our procedure is an
upwards recursion over these trees.

Given that the Karger—Stein algorithm has output all second-minimum c@Gs of
we select a subpartition of candidate extreme sets for each intermediate contracted
graphGo. Let G1 andGy be the two contracted subgraphs®y. Consider the union of
extreme candidates selected @& andG,. We may assume that none of the candidate
setsC contain the contracted vert& — M: V — M is the unique min-cut side Gy,
implying thatC is not extreme. If any two such sefsandC’ intersect, we claim that
both of them can be removed. Notice tat- C' # V — M, C' — C # V — M and they
cannot be equal th either since one of them would thenYeThus by submodularity

28 < d(C—C)+d(C —C) <d(C) +d(C) = 2.

This implies that neithe€ nor C’ is extreme and they can both be removed from the
system of candidate extreme sets. Finally we also remove@isenother seC’ c C
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is contained in the candidate system, since such sets cannot be extreme. Once all these
pairs are eliminated, we are left with a subpartition of theMet

If we show that in amg-vertex graphGgo the above procedure can be performed in
O(ng) time, we get that we sperfd(nz) time for each tredj: recall from Section 7 that
we may stay within the time bound of the Karger—Stein algorithm if we s@(mg)
time to process anp-vertex intermediate graph. Finally, the extreme candidates of the
log? n roots of treeq7;} can be merged two at a time by the exact same procedure, in
O(n?) time each.

Now we give the procedure of eliminating non-extreme sets from the candidate
systemsF; andF> found in the two contracted subgraphBs andG» of Gg. We assume
that bothF1 and F» are subpartitions o/ — M; we output another subpartition of
V — M as a subset of; U F,. We represent a subpartitioh = {X1, ..., X;} by
avector(xy, ... , Xny) Wherex; = j if thei-th vertex ofGg is contained inXj. We use
a special null symbol if this vertex is not in any of the sets. First of all, we start with
F1 and F> as subpartitions o651 and Gy; we may uncontract these graphs to obtain
the required vectors i@(ng) time. Then by using the vector representifig we may
in O(np) time decide if a given elemel@ € F; intersects or contains some element
of F>,. For allC € Fi the operation take@(n%) time. The procedure is completed if
we apply the last steps by exchanging the rol&pandF,.

In summary we can find the next level of heavier extreme sets within a given subset
M in randomized timeO(n%,), whereny denotes the number of vertices Giy.
Observing thad ", nm < 2n, we derive that the total time necessary to find the next
level of extreme sets over all such sétss O(n?). We proceed recursively; two upper
bounds on the maximum depth of the recursionatre k — c if we are interested in
d-extreme sets witll < k only, and the bound on the depth of the extreme system.
This gives us the randomized running time

O(n?log® nmin{z, n}) .

8.2. The polygon representation of near-mincuts

We aim to improve the previous algorithm by considering cuts withinrmstant times

the minimum instead of (second) minimum cuts. Notice that the Karger—Stein algorithm
is capable of finding all such cuts. The main achievement we will thus get is that the
running time dependence arcan be replaced by a dependence oridpg.

The obvious choice of the improved algorithm is to run the Karger—Stein algorithm
and find the extreme sets by an upward recursion in its output. In the case of (second)
minimum cuts, we were able to use submodularity to discard non-extreme sets. In
a similar approach, two intersecting close-minimum ddtand C’ must have either
d(C — C) <d(C) ord(C’' — C) < d(C’) — but not necessarily both. In order to decide
which is the case, we have to know values of cuts that we do not necessarily have
located in the output of the Karger—Stein algorithm. Hence each of these “uncrossing”
operations may tak(m) time and we may have to spefz(m r%) > ng time on an
intermediate contracted grafy with ng vertices.
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Fig. 3. The cactus representation of Fig. 1 turned to a polygon representation. The three thick lines separate
the representation into three sub-polygons, each of which is corresponding to a single cycle of the cactus

The actual algorithm to select extreme sets from close-minimum cuts is more com-
plex. The main tool we need is a representation for all cuts within a constant times
the minimum, in which it take©(1) time to get the value of(C — C’), for givenC
andC’. Thepolygon representatioaf Benczur [3] has this property; we describe this
representation now. We say a cut issanear-mincufif its value is less thanc. We con-
sidera-near-mincuts forr < 6/5. In the representation, the systemwefiear-mincuts
is divided into subset§y, ... , Cy. All we need to know about these subsets is that no
cut of one subset may cross a cut of another one (we mentioned this same property of
the cactus representation in Section 9.1). Now each stbgpelssesses@presenting
polygondefined next. In Fig. 3 we give an example of a single representing polygon
corresponding to the set of all min-cuts of the graph in Fig. 1.

— A representing polygo®; is a polygon with a collection of distinguishegpresent-
ing diagonals with all polygon-edges and diagonals drawn by straight lines in the
2D plane.

— The representing diagonals divid into cells

— The vertex seV is partitioned intoatoms each atom is mapped to a cell Bf.
However, some cells may contain no atoms (typically, most of them are empty).

— Each representing diagonal defines a cut, with sides as the union of atoms contained
by cells on the diagonal sides.

— The collection of cut&’; equals to the collection of cuts defined by representing
diagonals of the polygon.

— An array with one entry for each pair of polygon-vertices stores the fact whether
the diagonal connecting the pair of vertices is present. If the diagonal is present, the
value of the corresponding cut is also stored.

In[3] two key facts are shown. First, the total number of polygon-verticesin all polygons
is O(n) (whence it follows that there are at ma3¢n?) 6/5-near-mincuts). Second, the
polygon representation can be built by the Karger—Stein algorithm, with exceeding its
running time bound only by a fact@(logn).
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8.3. Animproved extreme sets algorithm

We show that alt-extreme sets witld < «c can be selected from the polygon repre-
sentation of alke-near-mincuts in (deterministi€d(n? logn) time [3,4]. This implies

that all k-extreme sets can be found by recursing in contracted gi@phs as in the
algorithm of Section 8.1. The running time of our algorithm based on this idea can be
determined as follows. In thieth step we find alb-extreme sets witlhl < o' - ¢ by
settinge = 1+ 1/logn < 6/5. This step requires the computation of the polygon
representation in randomize®(n2t2/1°9n jog* n) time. Provided we want to find all
d-extreme sets wittl < k, we need to tak®(10g 141, 10gn) (K/€)) Such steps. This totals

to

O (n2 log®n Iog(k/c)) ,

which yieldsO(n? log(U/c)) if we notice that there are rbextreme sets witd > nU.

We select the extreme sets among represented near-mincuts as follows. For each
representing polygof®;, we select a laminar familys containing all extreme sets
represented by that polygon; we record the val(@) for eachC € Fj. For the entire
collection of polygonsFo = | J; Fi is a cross-free family since no pair of cuts from
different polygons may cross. Then it is trivial to remove non-extreme setsioim
O(n?) time.

We show how to findF; in O(niz) time, wheren; is the number of polygon-vertices
in P;. We maintain a laminar familf which is initially empty. We scan alD(niZ) sets
C with d(C) < ac represented bf; one-by-one. We show th&t can either be added
to F or it can be proved that is non-extreme, in amortize@(logn) time. This will
complete the analysis.

For a fixed laminar familyF and a se€ such that all sets correspond to diagonals
in P; we select all diagonals of crossingC; this takes timeO(|F]). If there are no
such sets, we ad@ to F. Otherwise for aC’ € F crossingC, we check if there is
a diagonal corresponding ©© — C’ and another t&€’ — C. Hence we may decide in
constant time whethel(C) > d(C — C’) ord(C’) > d(C’ — C); one of the two holds by
the submodularity ofl. Hence in constant time, we may rem@@er C’ from F + C.

The above procedure may takg| = Q(ng) time for each se€. We improve on
this by considering the systefof sets incident to the same polygon-vereat once.
Provided we manage to handle one polygon-vertex in tieg logn), we spend an
amortizedO(logn) time per diagonal. This completes the analysis of our extreme sets
algorithm.

Consider the two laminar familieg andS as above. Each time a crossing pair in
S U F is detected, we may remove one set frSra F; thus the maximum number of
crossing pairs that have to be detected becodies). In O(logn) time we will either
find a crossing pair or conclude that some elemerff afosses none &. Remember
that all diagonal sides i§ share a polygon-verte% we may assumé is sorted around
this vertex. Let a diagona A’ belong toF. Then we may inO(logn) time insert the
diagonalsASand A’'Sinto the sorted listS. Then the elements & crossingAA’ are
precisely those betweedSand A’'Sin this order. This shows that extreme sets can be
extracted from the polygon representatior@itm? logn) time.



Parallel and fast sequential algorithms for undirected edge connectivity augmentation 629

9. Computing the cactus representation

In this section, first we describe a general cactus algorithm that may potentially serve
as a base for implementations based on new min-cut algorithms as well. The general
algorithm is a slight generalization of the Karzanov—Timofeev algorithm [28] (also
see [34]). Then we show that this algorithm can be implemented by running either the
Karger—Stein [27] or the Hao—Orlin [23] algorithms that produce all min-cuts. Notice
that theO(n%) andO(nm) running time of these algorithms is less than @@?3) time

to list all min-cuts. Hence we have to be careful and not access all the min-cuts when
we build the cactus representation. Our cactus algorithms will match the time bound
of the corresponding min-cut algorithms. While we describe our Karger—Stein based
algorithm in full detail in Section 9.5, the Hao—Orlin based implementation is only
sketched in Section 9.4 and the reader is advised to check for a full implementation in
Fleischer [11].

9.1. Cactus representation: uniqueness

Recall that the cactus representation of all min-cuts consists of a cactus/gapth
that a partition oV is mapped to certain cactus-vertices. Consider the partitio@ssof
vertex set intaC andC arising by deleting a pair of edges of the same cactus-cycle and
considering the vertex sets mapped to each side. The min-c@saoé precisely the
(C|C) defined in this way.

The cactus representation as defined above is not uniquely determined. First, we
may always choose a cycteand on of its verticek. We may then subdividk into
a pair of new vertice&’ andk” connected by a length two cycle such tkabelongs
to cycleC while k” is incident to all remaining edges (Fig. 4, left). All graph-vertices
previously mapped t& are now mapped tk”. Second, we may replace a length three
cycle on verticesl;, uz anduz by making a new vertelkwith no graph-vertices mapped
to it and then creating three new cycles; (i = 1, 2, 3) of length two.

We will use the definition of [34] that uniquely determines the cactus representation.
Roughly speaking, we will perform both of the above two changes as long as no cut is
represented more than once. We say that

— a length two cycleC represents the single cut defined by the sides of the cactus
arising by deleting the edges 6f while

— a cycleC of length at least four represents all cuts arising by deleting o
adjacentedges of’.

(£—(&) (F—(&)
() (=) (6
(&) OO

Fig. 4. Two transformations of cactus representations that show the representation is not uniquely determined
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We disallow cycles of length three and require each cut be represented as in the above
definition exactly once. Notice that cuts represented by distinct cycles may not cross
each other. Now min-cuts represented by length two cycles are exactly those that do not
cross any other min-cuts and the subsets of cuts represented by the same cycle give the
finest partition of the set of min-cuts so that cuts of distinct sets do not cross each other.
For the remaining details see [34] or [4].

9.2. The residual cactus

We start by giving a base of algorithms for building the cactus representation: a recursive
procedure that, given a cactus representation of a graph with two vesticasd v
contracted and the collection of all min-cuts separatingrom vy, yields the cactus
representation of the initial graph. Our procedure is similar to the cactus algorithm of
Karzanov and Timofeev [28]; there the pair of verticggnduv, is selected by a special
rule that our procedure will not require.

In the bulk of Section 9, leG be the input graph and It be its unique cactus
representation as defined in Section 9.1.1ieindv, be two vertices o6; let graphG’
with cactus representatiddl arise by contracting; andv; to a single vertex irG.

While our aim is to build the cactus representafioinom K’ , we start our discussion
with an opposite process: givéd, we describe the collection of min-cuts separating
v1 andvy. All these cuts are described by the residual cakiys,, arising fromkC as
defined next.

Definition 6 (Residual cactus).Let K be the cactus representation of a gra@h let

v1 and vz be a pair of vertices. Consider the shortest pattirom the cactus-vertek
containingv towardsk’ containingv, as well as the next shortest paf in X — P
(see Fig. 5). Theesidual cactu&’,, ,, is a cactus graph arising by the contraction of
all cactus-edges other tha® U P’.

In what comes next, first we prove that the residual cactus is a cactus representation
of a subcollection of min-cuts that includes all those separatinfjom vy; then in
Lemma 14 we show hoW and the residual cactus (Fig. 5) determide the cactus
representation o&’ arising by contracting; andv» (Fig. 6). The opposite procedure is
used in Algorithm 3 to buildC from K’. The first lemma also characterizes the residual
cactus as a “path” of cycles.

Lemma 13. The residual cactuk’,, ., is a cactus graph consisting ofcycles . . . , Ct
that can be numbered such ttGtandCj1 are adjacent forl < j < t, and there are
no other adjacent cycle pairs. A pair of vertides C; andk’ € C; containvi and vy,
respectively (see Fig. 5). The residual cacki ., represents all min-cuts separating
v1 fromvs.

Proof. After deleting edges of patR® (the shortest one between andwvy), the path

from v1 to vy without vertex repetition is uniquely defined as the remaining edges of all
cyclesC; fori <t that contain edges @?. If a cycle does not contain edges of p&h

then it is contracted in the residual cactus. Thus the residual cactus consists precisely
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Fig. 5. The cactusC and the cycles (thick) 0P U P’ that define the residual cacti,;,,. Cactus-vertices
k andk’ containvy andvy, respectively

of the Cj. If we number them by the sequence visitedBywe get a numbering as
required. Finally for the last part, notice that any cut separatirandv;, also separates
k andk'.

O

Now we complete our goal: we buil@’s cactus representatidd from /C,, ,, and
the cactudC’ of G’ arising by contracting two of its verticeg andv, (Figs. 5 and 6).
The algorithm below builds a cactus representation where all cuts Aioas well as
from IC,, ., are represented. Hence this cactus.is

We use the following notation. Let cycl€s and two distinguished cactus-vertices
k andk’ containing vertices1 andvs, respectively, be as in Lemma 13. LBtbe the

Fig. 6. The cactusC’ arises by modifying the cycles (thick) of the residual cad€g, », in Fig. 5. Shaded
vertices are all joined to a single cactus-vertegontaining bothv1 andv,. The components adjacent tio
are those incident to the thick cycles as well as the two dotted components
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shortest path ok connecting andk’; let ki be the unique vertex P that belongs
to bothC; andCjy1, fori < t. Letkg = k andk; = K'. If the two vertices;_1 andk;
are non-incident, let two cycle® andC/” arise by contracting; 1 andk; in C;; else let
a single cycle arise by contracting_; andk; again.

Lemma 14. The cactus representatid@ arises by (i) contracting alk; for0 <i <'t

to a single vertexi; and (i) for each length three cycle arising in this way, contracting
the two vertices different from to single new vertices (and thus obtaining length two
cycles).

Proof. By Lemma 13, the contraction procedure removes all cuts sepaiatangdv,.
We show that no other min-cut gets removed. We contract each €ytieo (possibly
two) smaller cycles; these cycles represent all cuts not sepatatisugd vo. If any of
these cycles is of length three, the only cut represented by this cycle (not arising by
the removal of two incident cactus-edges) arise by the removal of the two cactus-edges
adjacent to the contracted vertices. These cuts are represented by the length two cycles
as described. This proves the theorem.

O

Algorithm 3. The cactudC arises fromC’ andC,, ., as follows.

1. FromK,, .,, we build the cycleg andC{’. We replace each length three cycle by
a length two one.

2. AllcyclesC{ andC{" in K’ are joined at a single cactus-verteas in Lemma 14. We
find all these cycles and vertexin '.

3. We cutK’ into the set of components adjacentitéas in Fig. 6).

4. We arrange all components containing/aor C" by forming /C,, ,, from theC/
andcC’.

5. Finallly we have to join the remaining componefi@hat do not containing ang/
orC/")to one of the residual cactus vertiégsWe do this by picking a graph-vertex
corresponding to componefiand for each < t selecting a cu¢Ai| Aj) separating
ki_1 andk; with v; € Aj andv, € Aj. We join component to the following vertex
of ICyy vyt

— knif w C Ant1 — An;
—k=koif wC Ag;
— k/=ktiwaKt.

9.3. The Karzanov—Timofeev algorithm

We mention the main difference between the Karzanov-Timofeev algorithm [28] and
our general cactus-building procedure. While the Karzanov—Timofeev algorithm uses
a notion similar to our residual cactus, their residual cactus is assumed to have a very
simple structure. Namely, they assume that eachypaip ever arising in their algorithm

have an edge connecting them. Notice that this assumption can be made whenever the
input graph is connected. Thén, ,, has the following simple structure:
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Lemma 15 (Karzanov and Timofeev [28,34])If there is an edge connecting
and vy, then the shortest path of the cactus fronw1 to v, contains at most one edge
from each cycle. Hence the systensafiin-cuts{(A;|A)} separatingv; and v, form
achainwithA; Cc A> C ... C As; s= O(n).

]

In Lemma 14 we saw that the cyclésof the residual cactuk,, ,, can be turned
either to a single cyclé€/ or to two cyclesC! andC{” of K. Lemma 15 implies that in
the scenario of the Karzanov-Timofeev algorithm the first case must hold foxail
This fact can be used to simplify Algorithm 3.

9.4. The Hao—Orlin algorithm

The Hao-Orlin algorithm performs the Goldberg—Tarjan max-flow algorithm [20,19]
for source—sink pairsj and{ws, ..., wi_1}, in some permutatiofw;} of the vertex

set. The novelty of this algorithm is that the flow computations are pipelined so that the
sequence of — 1 max-flow computations terminate within the time bound of a single
run of the Goldberg—Tarjan algorithm. Hence min-cuts are foun@(nm) time, an
amount less than the potential space to list all min-cuts. It is true but not entirely obvious
that the Hao—Orlin algorithm finds all min-cuts; these min-cuts are described by the
Picard—Queyranne representation [35].

In what follows next, we show how to build the cactus representation from the
output of the Hao—Orlin algorithm, thus yielding a determinigiicnm)-time cactus
algorithm. In order to do this, we build the residual cadtiys ,, from the output of a
v1—v2 max-flow computation. Unfortunately in the algorithm below we may not use the
simplifying assumption of Karzanov and Timofeev (Lemma 15): the permutgtiph
of the vertex set is part of the output of the Hao—Orlin algorithm and cannot be givenin
advance.

A main tool for building the residual cactus,, ., is the representation of Picard
and Queyranne [35] for all cuts with minimum value separatingndvs. Notice that
if there exist min-cuts separating andv, at all (i.e. the max-flow value equaty then
the system of cuts contained by the Picard—Queyranne representation are all included
in KCyy,0,- Else if there are no min-cuts separatingandv,, then thevy—v, max-flow
value is more thar and therwv; andv, will always belong to the same node of the
cactus representation.

The Picard—Queyranne representation is as follows. For a maxinp flow in
graphG, one defines a residual flow as a directed graph arising by orienting some edges
of G. We orient all edges that are not saturated (i.e. the amount of flow carried is less
than the weight of the edge) in the direction of the flow carried; we also orient all edges
that carry a positive amount of flow in the reverse direction (so some edges can be
oriented both ways). Ai1—v2 min-cut may only have backwards edges (from the side
of vy towards the side afy); hence na1—v2 min-cut may divide a subgraph of positive
directed connectivity (i.e. a strongly connected subgraph) in the residual graph. Linear
time algorithms that find these components are known [9]; after contracting all these
components to single vertices, the resulting graph is a so-called DAG with no directed
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cycle. This DAG is the Picard—Queyranne representation; in this DAG, all min-cuts can
be found as bipartitions with backward edges only (see [35] or [17]).

The Picard—Queyranne representation can be transformed to the residual cactus
Ku,.0, as follows. First of all we notice that the vertex set of the DAG is equal to the
partition{Vy, ... , V¢} mapped to the cactus-verticks, ,,: both of these partitions are
equal to the coarsest partition in which no element is divided by any min-cut. Thus we
have to turn the directed edges of the Picard—Queyranne representation to cactus-edges.

Recall thatC,, ,, consists of a collectioly, ... , C; of cycles withCi andCj 1
sharing a vertex, for all < t. We transform the DAG tdC,, ., in two steps. First we
sort the set systeffWp} such that for a pair of its non-empty set4; comes befor&/,
if there are cycleg; andCj withi < j, Vh mapped t’j andvy mapped tk’ € Cj.

In a topological sortof the DAG, it is easy to see that the s&fshave the required
property. A topological sort means a linear arrangement of a DAG'’s vertex set such that
there are no forward edges; a topological sort can be perform@chim time [9].

In a topological order of the DAG-vertices, the ségsthat belong to a fixed; form
an interval of the topological order. Consider the vertices andk; shared byC; and
Cj—1, respectively by; andCi1.

— If these vertices are of distance at least twd@jinthen the topological order of this
interval is not unique: we may merge vertices over the two paths betqwegand
ki arbitrarily. This property identifies the vertices of all such cy€les

— Otherwise (ifk; andk;j_1 are incident) the topological order of tlii-vertices is
unique.

All left to be done is to determine the length of the cy€leNotice that all incident
pairs of vertices over the path betwelgn; andk; havec/2 edges connecting them.
This characterizes all vertices @f with one exception: if one could form a length three
cycle replacing two consecutive length two cydigsindC; 1, then there are/2 edges
between the pairk;j_1, ki andk;, ki+1 as well. We may easily distinguish this case.
Hence we may form all cycles &, ...

9.5. Transforming the Karger—Stein output to a cactus

We transform all min-cuts in the output of the Karger—Stein algorithm to a cactus
representation by using the inductive cactus algorithm of Section 9. Recall that the
cactus representation can be built from anotkérarising by contracting a pair of
verticesv; andv; and the so-called residual caciis, ,, (Definition 6).

In our algorithm, we fix a permutations, wo, ... , wy of the vertex set. Given the
permutation{w; }, we proceed as follows: we build the cactus representéficof the
graph arising by contracting all verticés1, . .. , wi}; from this cactus, we build that
of the graph with{w1, ... , wi_1} contracted. In other words, we equate

v1={wy,...,wi—1} and vy = wj

and use the procedure of Section 9. In order to make the simplifying assumption of the
Karzanov-Timofeev cactus algorithm as in Lemma 15, we choose the permutation such
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that there is always an edge connectindo {wjt1, wi+2, .. . , wp}. Such a permutation
can be selected by traversing a search tree of the graph.
In summary, we have to buildfrom K’ fori = n—1,n—2, ..., 2,inan (amortized)

O(n) time, given the output of the Karger—Stein algorithm. The algorithm requires the
knowledge of the residual cactky,, ,,; the main difficulty is that we do not have this
cactus at hand. In our algorithm (Algorithm 4) we find the residual cactus and/Guild
from K’ as in Algorithm 3 at the same time.

The high-level structure of the algorithm is to select quA$A) with v; € A and
v2 € A and incorporate them one-by-one into the representation. Each such|éut
is represented by a unique cycle/6f This cycle must be one of the cyclés, ... , Ct
of the residual cactuk,, ,, (see Lemma 13) whei® andCj; share a vertek;. By
Lemma 15k; andk;,1 are adjacent in the cactus and thus they form the vertices of
a pathP of the residual cactus. We also know tli&tarises by contracting all edges
of P, or, in other words, all verticels are contracted to a vertexe K'. Also recall
that if an edge of a length four cycle is contracted, the resulting length three cycle is
replaced by three new length two cycles sharing a common viereX'.

Now whenever(A|A) is selected, we unfold the cycl® representing A|A) by
subdividing a vertex to two new verticsandk;,1. ProvidedC; has length four, this
also means replacing the three length two cycles’dfy a new length four one. Hence
in our algorithm we will maintain a cactus representafi@hwith £ = K’ as input and
K’ = K as output and with the property thiét arises by contracting some consecutive
segments of the verticds, . .. , k, € K and by replacing length three cycles by three
length two ones sharing a common vertex.

Given A and A, we give a key notion to identify cyclg . First of all, we modify
the cactus representati#if by deleting all vertice$V mapped to a verteik whenever
bothW N AandW n A are non-empty. Then we say that a cy€lef the cactudelongs
to A (or, symmetrically, toA) if all graph-vertices mapped to its vertices belong to
A. Since there may be cycles whose vertices have no graph-vertex mapped to them at
all, we extend this notion to such cycles as follows. If all cycles that share Viertex
belong toA with one exceptional cyclé with no vertices mapped to it, we decld&
belong toA and if all vertices of a cycle belong t# with at most one exception that
is undetermined, then the entire cycle belongétdow the notion can be recursively
extended: by removing exactly one edge from each cycle with no vertex mapped to it,
the edges of these cycles form disjoint subtrees of the cactus. Hence if we start from the
leaf level, we may inO(n) time either decide for a cycle whether it belongsitor A
or declare it unknown.

Theorem 13. Consider a cut A|A) with v; € Aandv, € A represented by a cyclg
of K. Let K" be an intermediate cactus representation arising in our algorithm. Then
either

1. all cycles belong to eithed or A; there is a single cactus-vertexthat belongs to
cycles of both types; ar@ is a length two cycle that can be added by subdividing

2. there is exactly one cyct# of length at least four that belongs to neith&mor A
and(; arises by increasing this cycle by a new edge;

3. or there is exactly one cycle of length two with vertisgendk such thatk has no
graph-vertex mapped to it and two further cycleg and Cz sharingk whereCp
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belongs toA and C to A. ThenC; has length four and arises by the subdivision
of u into two new vertices and the deletionkof

Proof. It is immediate by the definition ok” that all of its cycles except for those
created by the contraction of an edgeGyf(recall there may be three such cycles)
belong to eitherA or A. Now the three cases as in the theorem arise by distinguishing
the cases of a cyclg with length two, length more than four and finally of length
exactly four.

O

Algorithm 4 building C from i’.

1. queue—all min-cuts separating; andvo;
2. truncate the queue to less thanelements
until  the queue is empty
3. pop a cut(A|A) from queue;
decide for all cycles whether they belongAcr A;
if all cycles belong to eitheA or A
then select  the unique common vertax
of cycles that belong té\ and of those that belong t#
subdivide  u by a new length two cycle fofAlA)
if alength two cycle? belongs to neitheA nor A
then select the vertexk € C that has
no graph-vertex mapped to it and
is adjacent to two length two cyclé andCx
belonging toA and A, respectively.
replace C,Ca andCz by alength four cycle
if a cycIeCi/ of at least four belongs to neithérnor A
theninsert  anew edge int@ for (A/A)
to form the new cycl€;
4. remove from queue all cuts represented by
the augmented cyclg
repeat

Algorithm 4 performs the above procedure. In the analysis, we have to be careful
since we are not allowed to explicitly read all vertices in all min-cut sides. We have
to read all vertices of cutéA|A) arising in Step 3 of Algorithm 4; we have to make
sure that there are at maS(n) such cuts in the entire run of the algorithm then. This
is the reason why we inserted Step 4: each(éuid) forces a new cactus-edge to be
added, while the number of cactus-edge®is) altogether. However we also have
to make sure step 4 is not called too often, which could be caused by a high number
(possibly ever2(n?)) repetitions of the exact same cut in the output of the Karger—Stein
algorithm. The truncation in step 2 will make sure that no more thaats reach the
main loop. We analyze the four main Steps 1, 2, 3 and 4 of Algorithm 4 separately.
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9.5.1. Step 1.First we consider the implementation of the queues in Step 1. Recall
that all min-cuts are contained in the leaves of the trees generated by the Karger—Stein
algorithm. We show how to label all these cuts by the valuesotth thatw; is separated

from {ws, ..., wi—1}. We use the following simple fact:

Lemma 16. For a graph withng vertices arising by contracting some verticesGf
there are at mosig — 1 values of such thatw;j is in a different contracted vertex than
allof wy, ..., wi_1.

O

We maintain the following data structure for all intermediate contracted gi@phs
produced by the Karger—Stein algorithm. For all valuegherew; can be separated
from{w1, ..., wi_1}in Go, we record the vertey; of Go that contairw; and the subset
U; that contain{w1, ..., wi_1}. Let Gg haveng vertices; then the size of the data is
O(n%). Notice that each leaf of the computation tree of the Karger—Stein algorithm (and
thus each min-cut) has a unique valuthis value is what we require.

Now assumeésg gets contracted. Then we update the data structure as follows. For
all values ofi, we find the new contracted vertices that contaiandU;. We check if
these sets are disjoint; if not, we remadvom the data. The procedure tak@sn%)
time.

9.5.2. Step 2.We give a very simple rule to decide whether one cut is a repeated copy
of another one in the queue. Since all theses cuts form a chain by Lemma 15, the number
of vertices on the same side @sgive unique names of the cuts in the queue. Given the
size as a label, we may immediately remove repeated cuts inQimgeplus the queue

size.

We are hence done if we implement the size count in the Karger—Stein algorithm.
However this is easy: we maintain the number of vertices contracted to each intermediate
vertex; whenever two new vertices are contracted, we may hen@élintime follow
up the vertex count.

9.5.3. Step 3.For a cut(A|A) that arises in Step 1, we have to know all verticeg\of

in order to perform the consequent steps of the algorithm. For each such cut, we saw
that we need to spern@(n) time. Step 3 does not form a computational bottleneck by
the following lemma:

Lemma 17. A cactus representation ha3(n) edges. Hence Step 3 is performed for
O(n) min-cuts only.

Proof. The first part is due to Karzanov and Timofeev [28] (see also [4]). As for the
second part, notice that each ¢ét|A) in Step 3 generates a new edge of the cactus
representation.

i

9.5.4. Step 4.Finally, we analyze the number of cut—cycle pairs that may reach Step 4.
By this analysis, we will complete the description of our cactus algorithm. We give an
amortized analysis for all calls to Step 4 for all the- 1 choices of the paiv; andvs.
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Theorem 14. Step 4 of Algorithm 4 is performed dd(n) cuts for each newly cre-
ated cactus-edge. The time spent on one removal st&glég n). Hence the cactus
representation can be built in randomiz&dn? log® n) time.

Proof. The first part follows by Step 2. If we show the second part,@tie? log® n)
total running time will arise as follows. Within this time bound, we run the Karger—Stein
algorithm and also build the auxiliary information needed in Steps 1 and 2. Steps 1-3
also fit within the time bounds. Finally in Step 4 we taRédogn) steps forO(n) cuts
each for each single cactus-edge. We are done since the number of cactus-@dggs is
by Lemma 17.

Now we give a procedure to efficiently decide that a given @jB) is already
represented by an intermediate cadtiis Let (A|A) be a cut separating cycf® as in
Step 3 of Algorithm 4; let a new edge be added’{doy subdividing a vertex to two
new onesk andk’. Consider an arbitrary pair of graph-verticeandx’ mapped to the
subgraphs ok” containingk andk’, respectively, that arise by the deletion of the edges
of Cj. Then by Lemma 15 another o(B|B) of the queue has andx’ on different sides
if and only if (B|B) is represented by the augmented cy%le

To complete the proof, we show that it can be decide®ilogn) time whether
(B|B) hasx andx’ on different sides. Notice that the vertex pasndx’ can be found in
anO(n) time pre-processing step when the new cactus-edge betneestk’ is formed.

We are done if we may decide for a given min-cut siland a vertex in O(logn)
time whethew € A. In order to do this, while we are performing recursive contractions,
we have to add additional pointers to access the data produced, as follows. In the Karger—
Stein algorithm, a single contraction can spéahg) time onGg by using adjacency
matrices as data structure. Within this time, we can build pointers from the vertices of
Gy to the contracted vertices. Thus to decide whetherA for a vertexv and cut(A| A)
found by the algorithm, we have to scan the path of leri@gtiog n) from the root to the
leaf containing the cut. This tak&Xlogn) time, as required.

O

10. Conclusion

We presented various edge connectivity augmentation algorithms for undirected graphs
with integer edge capacities. Our successive algorithm (producing an increasing se-
guence of augmented graphs for increasing target connectivity values) requires the
computation ofO(n) cactus representations, the initial extreme system, and®es
extra work. This algorithm is inherently sequential; the best running times by the re-
sults of Part Il aréd(n?m) deterministically and(n3) if Monte Carlo algorithms are
allowed.

Our unrestricted (non-successive) augmentation algorithm computes a single cactus
representation and the initial extreme system; it @@#) extra work. An implementa-
tion of this algorithm is the first RNC algorithm to solve the augmentation problem. The
randomized sequential running time is improved compared to our successive algorithm
to

O(n? min{n, logt/c, lognu/c}) ,
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whereU is the highest capacity of an edge in the input graphaisdthe connectivity
increment.

In our paper, several questions remain open. The bottleneck of our augmentation
algorithm is to find the initial extreme system. An improvement for this task would
immediately improve our non-successive augmentation algorithm. Very recently it was
shown in [6] that extreme sets can be found in (randomiZ2@)?) time, yielding
a matching runtime for edge augmentation. For the hypergraph augmentation problem,
it remains open whether an extreme sets based algorithm may find the optimum solu-
tion. The efficiency of neither the hypergraph augmentation nor the (ordinary) parallel
augmentation problems is attacked in this paper.
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